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Abstract

With growing demand in battery electric vehicles, car manufacturers are facing new
challenges in mass reduction and space optimisation of the suspension designs. A possible
solution to this problem is to integrate several suspension members into a single, more
compact transverse composite leaf spring. The aim of this Master’s thesis is to develop a
reliable and general analytical method allowing the computation of a preliminary design

for transverse composite leaf springs.

The analytical design methodology starts with the definition of the starting independent
suspension in which the leaf will be integrated and the choice of laminate material for the
manufacturing of the leaf spring. The possible designs of the leaf based on the integrated
suspension members are then established. The leaf is modeled using classical beam theory
and classical laminate plate theory together. A method to compute the suspension forces
graphically is then derived and paired with a two-dimensional kinematic model of the

suspension to fully determine the configuration of the suspension along the wheel stroke.

This analytical method is then applied to the 2004 Audi A6, which has short long arm
suspensions on its rear axle. This results in two different geometries of the leaf springs:
one leaf of 11mm thickness, 100mm width and length of 1340mm, the second one with
the same geometry but a thickness of 17.3mm. This last leaf design gives an equivalent
roll stiffness of 936Nm/deg on the rear axle, as it integrates the anti-roll bar properties.
Kinematic performance curves of the transverse leaf spring suspension are assessed and
give similar/close results compared to the original coil spring suspension design. For each
leaf design, stresses are computed and the Tsail-Wu failure criteria is verified. For all

designs, the criteria is met.

Finite element analysis is performed on the obtained leaf designs. Using NASTRAN SOL
402, assumptions on the large deformation of the leaf springs are verified. This leads to
the conclusion that the model used for the first leaf design has to be improved when the
leaf experiences very large deformations. On the other hand, the model for the second
leaf design can be simplified by considering that the large deformation of the leaf is given
by an equivalent rotating rigid arms. Modal analysis of the leaves using NASTRAN SOL
103 shows that the natural frequencies of the leaves are all greater than the frequency

due to the road surface irregularities (12Hz).



Acknowledgements

I would like to thank my supervisor Professor Pierre Duysinx for his trust and for
giving me the opportunity to work on this very interesting subject. Thank you also to my
second supervisor Professor Emmamnuel Tromme for his precious time, advices and for
sharing his wide knowledge over suspensions with me. Special thanks to Professor Michaél
Bruyneel for sharing his knowledge over composite laminates properties, manufacturing

processes and numerical modeling.

On a more general note, I would like to thank the jury members and anyone who

dedicated a bit of their precious time to read and evaluate my work.

My last thanks are for my parents. Thanks to my mother who helped by proofreading
this thesis and for her support throughout my studies. Thanks to my father, to whom I
would like to dedicate my work as he always was my biggest motivation throughout my

engineering studies.



Contents

Introduction

Initial suspension model

1.1 Choice of the initial suspension design . . . . . ... ... ... ... ... ..
1.2 Suspension characteristics. . . . . . . ... ... .. L
1.3 Kinematic analysis . . . . . . . ...

Material study

2.1 Material selection . . . ... ...
2.2 Material properties . . . . . . ... o
2.3 Manufacturing processes . . . . . . ...

Analytical study

3.1 Modified suspension design . . . . ... ...
3.2 Leafspring modeling . . . . ... ... ... ...
3.2.1 Deformed composite structure . .. ... ... ... ... .......
3.22 Beam theory . .. ... .. ...
3.2.3 Failure criterion . . . . ... ...
3.3 Suspension modeling . . . . . ...
3.3.1 Suspension forces . .. ... ... ...
3.3.2 2D kinematic model . . . . . ...

Preliminary leaf designs

4.1 Coil spring integration . . . . . . .. ...
4.1.1 Geometry of theleaf . . ... ... ... .. ... ... ... .. ...
4.1.2 Kinematic analysis . . . .. ... ... .. o
4.1.3 Dynamic loading . . . . . . ... ... ..

4.2  Coil spring and anti-roll bar integration . . . ... ... ... ... ... ...
4.2.1 Leaf spring model . . . ... ... ... ... ...
4.2.2 Modal analysis . . . . . ...
4.2.3 Kinematic analysis . . . . . ... ... ..
424 Rollstiffness . . . . .. .

10
10
12
14

18
18
20
20

22
23
24
24
28
36
37
38
46



4.2.5 Dynamic loading . . . . . . . ...
4.3 Coil spring and lower arm integration . . .. ... ... ... ... ... ...
4.3.1 Geometry of theleaf . . .. ... ... ... ... ... ... ... ...
4.3.2 Modal analysis . . . . .. ...
4.3.3 Kinematic analysis . . . .. ... ... ..
4.3.4 Dynamic loading . . . . . .. ... L
4.4 Complete integration . . .. . ... ... .
4.4.1 Kinematic analysis . . . . . ... ... ..
4.4.2 Dynamic loading . . . . . . ... ...
4.5 Comparison of the designs . . . . . .. ... .. ... ... .. ...
4.6 Improvements on the preliminary leaf design . . . ... ... ... ... ...
4.6.1 Shape optimisation . . . ... ... ... ... ... ...
4.6.2 Anti-Roll property . . . . . . .. ...
Numerical study
5.1 Finite element modeling of the leaf . . . . ... ... ... ... ... .....
5.2 Large displacements . . . . ... ... L
5.3 Modal analysis of the leaf designs . . . . ... ... ... ... ... ... ...
Conclusion
Bibliography

84
84
86
88

90

94



List of Figures

© 00 J O Ut = W NN =

1.2
1.3
1.4
1.5
1.6
1.7

1.8

2.1
2.2
2.3

2.4

3.1

3.2

3.3
3.4

General Hotchkiss suspension system [4]. . ... ... .. ... ... ...
Rear axle of the Mercedes Sprinter with composite single-leaf springs [9]. .
Front suspension of the Ford T[12]. . . . ... ... .. ... ... ... ..
Rear suspension of the Chevrolet Corvette C2 [14]. . . ... ... ... ...
Rear suspension of the Volvo XC90 [18]. . . . . ... ... ... ... ..
Front and rear suspensions of the Chevrolet Corvette C5[19]. . .. ... ..
Front and rear suspension prototypes for the BMW i3 [2]. .. ... ... ..
Available space for high voltage storage in an electrified compact car [2].

Mubea’s GFRP transversal blade spring for BEV-axles [21]. . . .. ... ..

© 00 00 =~ =~ U U o

2D planes for the computation of forces in double wishbone suspensions [4]. 10
Audi A6 (2004) [24]. . . .o 11
View of the provided multi-body model in SIEMENS NX22. . . . ... ... 11
Position of the center of mass with respect to the side view plane of the car. 12
Simplified 3D multi-body model schematic of the rear left SLA suspension. 12
MECANO model of the initial suspension design. . . . . . . ... ... ... 14

Vertical static loading in the contact patch center during jounce and re-

bound. Computed using the MECANO model. . . ... ... ... ...... 15
Half track (a), wheelbase (b), camber angle (c¢) and toe angle (d) variation

during jounce and rebound. Computed using the MECANO model.. . . . 16
Specific strain energies of the spring candidate materials [29]. . . . ... .. 19
Cost of fibers with increasing reinforcement performance [30]. . . . ... .. 19

Low pressure resin transfer molding (RTM) and high-pressure resin transfer
molding (HP-RTM) process cycles [33]. . ... ... ... ... ...... .. 21

Manufacturing process of short moulding compounds [35]. . . ... ... .. 21

Front view plane schematic of a double wishbone suspension with the coil

spring replaced by a leaf spring (orange). . . .. ... ... ... ... .... 22
Schematics of the integration degrees 1 (a), 2a (b), 2b (c¢) and 3 (d). . . . . 24
Strain and stress variation in a laminate subjected to bending [31]. . . . . . 25

Material axes and associated in-plane and out-of-plane loads for the ply [31]. 25

IT



3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14
3.15

3.16
3.17
3.18
3.19
3.20
3.21

3.22

3.23

3.24

3.25

3.26
3.27

Stretching-bending (a), tension-shear (b) and bending-torsion (c¢) coupling
effects on the laminate [36]. . . ... ... ... ... ... L.
Computation of the constant curvature radius in the case of the cantilever
(a) and the overhanging beam (b). . . . ... ... ... ... ... ... ..
Deflection of a cantilever beam subjected to a point load at its free end in
small deformation assumption. . . . . . . . .. ... ...
Deflection of a overhanging beam subjected to a point load at its free end
in the small deformation assumption. . . . . . ... ... ... ... ... ...
Deflection of a overhanging beam subjected to a point load on both free
ends in the small deformation assumption. . ... ... ... ... ... ...
Deflection of a cantilever beam subjected to a point load at its free end in
small deformation assumption. . . . . ... ... ... ... ...
Relation between the normalised load parameter a and the angle of deflec-
tion 1y, for a cantilever beam in large deformation [37]. . .. ... ... ..
Free body diagram of the suspension in theside view plane for a longitudinal
load acting in the contact patch. . .. ... ... ... ... ... ...
Free body diagram of the suspension in the side view plane in the case of
outboard braking. . . . .. .. ... ...
Free body diagram and force diagram of the wheel and kingpin assembly. .
Free body diagram and force diagram of the lower arm and leaf spring
assembly. . . ..
Free body diagram of the leaf. . . . . . ... ... ... ... ... ... ....
Free body diagram of the leaf in the case the lower arm is suppressed. . . .
Free body diagram and force diagram of the wheel and kingpin assembly. .
Suspension diagram in the case jounce is limited by a bump stop. . .. ..
Free body diagram of the suspension in the bump stop case. . . . . . .. ..
Free body diagram of the suspension without the lower arm in the bump
StOp Ccase. . . .. L e
Projected views of the 3D suspension geometry in the yz-plane (a) and
zz-plane (b). . . .
Projected views of the un-tilted 3D suspension geometry in the yz-plane
(a) and xz-plane (b). . . . ...
Geometry of the 2D suspension model in the front (a) and side (b) view
planes. . . . .
Free body diagram of the 2D suspension model in the front view. . . . . . .
Geometry of the king-pin axle and wheel assembly. . . ... ... ... ...
Computed configurations of the suspension in the minimum rebound (a)
and maximum jounce (b) positions using MATLAB (integration degrees 1

and 2a, leaf in orange). . . . . ... L

48



3.28 Free body diagram of the 2D suspension model in the front view in the
case of a suppressed lower arm. . . ... ... .. ... ... ... . ... ..
3.29 Computed configurations of the suspension in the minimum rebound (a)
and maximum jounce (b) positions using MATLAB (integration degree 2b,

leaf in orange). . . . . . ...

4.1 Initial 2D geometry of the leaf spring for integration degree 1 (a) and its
cross section (b). . . . ..
4.2 First three mode shapes for a cantilever beam [44]. . .. ... ... ... ..
4.3 Half-track (a) and camber (b) variation during jounce and rebound for
the leaf spring with integration degree 1, computed using the 2D MATLAB
model and compared with the results from the original suspension. . . . . .
4.4 Vertical static loading in the contact patch center during jounce and re-

bound for the leaf spring integration degree 1, computed using the 2D

56
57

MATLAB model and compared with the results from the original suspension. 59

4.5  Vertical static loading acting on the leaf (a) and maximum bending stress
(b) during jounce and rebound for the leaf spring with integration degree
1, computed using the 2D model MATLAB. . . . . ... .. ... .. .....
4.6 Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension. . . . .. ... .. ... ...
4.7 Loading case for the lateral kerb strike. . . . ... ... ... ... ... ...
4.8 Initial 2D geometry of the leaf spring for integration degree 1 (a) and its
cross section (b). . . ...
4.9 Maximum bending stress during jounce and rebound for the leaf spring
with integration degree 2a, computed using the 2D model in MATLAB.
4.10 Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension, integration case 2a. . . . .. ... ... ... ....
4.11 Equivalent suspension model . . . . . . ... ... ... ... ...
4.12 Variation of the leaf thickness as a function of the length between the leaf
Mounts. . . . . L e
4.13 Variation of the equivalent roll stiffness as a function of the length between
the leaf mounts. . . . ... ...
4.14 Loading case for the pothole/cornering bump (integration of the ARB). . .
4.15 Separation of the loading cases for the pothole/cornering bum (ARB integ-
ration). (a) standard position and loads from for the leaf. (b) deformation
due to the supplementary vertical force due to the bump. . . ... ... ..
4.16 Loading case for the lateral kerb impact bump (ARB integration). . . . . .
4.17 Initial 2D geometry of the leaf spring for integration degree 2b (a) and its

cross section (b). . . ...

IV

61
62

63

64

65
65

69

70



4.18

4.19

4.20

4.21

4.22

4.23

4.24

4.25

4.26

4.27

4.28

5.1

5.2

2.3

Half-track (a) and camber (b) variation during jounce and rebound for the
leaf spring with integration degree 2b, computed using the 2D MATLAB
model and compared with the results from the original suspension. . . . . . 72
Vertical static loading in the contact patch center during jounce and re-
bound for the leaf spring integration degree 2b, computed using the 2D
MATLAB model and compared with the results from the original suspension. 72
Lateral static loading acting on the leaf (a) and maximum axial stress (b)
during jounce and rebound for the leaf spring with integration degree 2b,
computed using the 2D MATLAB model. . . . . . . ... ... ... ... ... 73
Vertical static loading acting on the leaf (a) and maximum bending stress
(b) during jounce and rebound for the leaf spring with integration degree
2b, computed using the 2D MATLAB model. . . . .. ... ... ... .... 74
Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension (integration degree 2b). . . . . . ... ... .. ... 75
Longitudinal load from rear pothole bump on the wheel affected (integra-
tion degree 2b). . . . ... 75
Lateral static loading acting on the leaf (a) and maximum axial stress (b)
during jounce and rebound for the leaf spring with integration degree 3,
computed using the 2D MATLAB model. . . . . . . ... ... ... ... ... 78
Comparison of the camber variation curves for the preliminary designs
based on their integration degree with reference solution from the original
suspension design. . . . . ... 79
Comparison of the half-track variation curves for the preliminary designs
based on their integration degree with reference solution from the original
suspension design. . . . . ... 80
Comparison of vertical contact patch force curves for the preliminary designs
based on their integration degree with reference solution from the original
suspension design. . . . . ... 80
Effects of the variation of the leaf width on the thickness (a), cross sectional
area (b) and maximum bending stress (c) for the leaf with integration
degree 1. . . . . . e 82

Kirchoff assumption (a), Mindlin assumption (b) and real behavior (c) of
the section of [36]. . . . . . . L 85
Finite element models of the straight leaf (a) and of the curved leaf (b) for
integration degrees 1 and 2b. . . . . . .. ... Lo oL 86
Finite element models of the straight leaf (a) and of the curved leaf (b) for

integration degree 2a. . . . . . .. ... 86



5.4

9.9

5.6
5.7

Comparison of the lateral deflection Y of the curved leaf spring (integration
degree 2b) in large deformation (LD) versus lateral deflection of the equi-
valent straight leaf spring, straight steel leaf of the same length, empirical
relation from Ji Wang et al. [38] and lateral deflection imposed by a rigid
ATTIL. o o v v e e e e e e
Comparison of the lateral deflection Y of the curved leaf spring (integra-
tion degree 3) in large deformation (LD) versus lateral deflection of the
equivalent straight leaf spring, straight steel leaf of the same length and
lateral deflection imposed by a rigid arm.. . . . . . .. ... ... L.
First three vibration mode shapes for integration degrees 1 and 2b.

First three vibration mode shapes for integration degree 2a. . . . . ... ..

VI

88
89



List of Tables

1.1
1.2

2.1
2.2

3.1
3.2
3.3

4.1
4.2
4.3

General characteristics of the car and its suspension. . . .. ... ... ...

Geometry for the car and the suspension schematics. . . ... ... .. ...

Common plies for composite transverse leaf springs. . . . . . ... ... ...

Mechanical properties of the E-Glass/Epoxy laminate plies [31]. . ... ..

Possible integration degrees of the leaf spring in the suspension design.
Typical worst case accelerations for dynamic suspension loads [4]. . . . ..

Parameters for the 2D suspension schematics in the standard driving position.

First three natural frequencies of the leaf spring for integration degree 1.
First three natural frequencies of the leaf spring for integration degree 2b.
Comparison of the mass accounting for suspension members in the case of

the reference suspension and the different preliminary leaf designs. . . . . .

VII



Acronyms

ARB Anti-Roll Bar

BEV Battery Electric Vehicle

CFRP Carbon Fiber Reinforced Polymer
CLPT C(lassical Laminated Plate Theory
CM Center of Mass

CPC Contact Patch Center

DOF Degree Of Freedom

FE Finite Element

FRP Fiber Reinforced Plastic

GFRP Glass Fiber Reinforced Polymer
HP-RTM High Pressure Resin Transfer Molding
HVS High Voltage Storage

MBD Multi-Body Dynamics

RTM Resin Transfer Molding

SLA Short Long Arm

SMC Short Moulding Compound

VIII



Introduction

As an introduction, the general framework of the thesis is described. The more general
context underlying the motivation is first presented and followed by a short definition
of both objectives and structure of the study. This introduction is completed with an

overview of the history and current technologies around leaf springs.

Context

Suspensions in cars have always historically provided great room for improvement from
increasing functionalities for upper class vehicles to cost-optimized designs for more com-
pact cars. With the growing demand in electric vehicles, new challenges appear during
the design phase of the suspensions.

Energy consumption is becoming a key factor when designing a car. Therefore, more
focus is put on lightweight design which, for suspensions members, is mainly characterised
through the reduction of the unsprung mass. The reduction of the unsprung mass allows a
reduction of the mass of the vehicle while improving overall performances of the suspension
in handling and steering [1]. Most of the mass saving operations on suspension members
consist in shape and material optimisation. The latter implies the use of more and more
complex materials, such as composites laminates.

A new point of interest in suspension design is the integration of the battery for battery
electric vehicles (BEVs). Currently, the most expensive part of a BEV is its high voltage
storage (HVS) [2]. To reduce the cost of such batteries, a simple boxy geometry is required.
Due to vehicle components, such as suspension arms and anti-roll bars, available space is
restricted and simple design of the batteries cannot be achieved without impacting the
electric range of the vehicle.

A solution to meet both requirements in mass reduction and in space optimisation is to
design some suspension members based on functional integration of other members. In this
context, car manufacturers such as Volvo or Chevrolet have developed independent axles
based on a transverse leaf spring, which allows the integration of the coil spring, anti-roll
bar and lower suspension arms into a single composite element. Structural integration in
a transverse leaf spring allows to design more compact suspensions while taking advantage
of the properties of composites [3] such as their strength-to-weight ratio, fatigue resistance,

internal damping and fine tuning of the mechanical properties using laminates.



Objectives

The main objective of this thesis is to establish an analytical method allowing the
computation of a preliminary design for a transverse composite leaf spring with specific
structural integration requirements integrated in a pre-existing independent suspension
on the rear axle. The method should remain as general as possible, so that it can be
easily adapted to other independent suspension types and geometries. It is also required
that the method predicts the behavior of the suspension after the integration of the leaf
spring and assesses associated properties of the leaf following the integration of one or

more suspension elements.

Structure of the study

This thesis is structured into five chapters:

e Chapter 1 is dedicated to the definition of the independent suspension model that is
used as a basis for the development of the analytical design method. First, the type
of suspension is chosen to best meet the requirement of generality of the method. A
case study suspension is then selected accordingly. In a second time, the suspension
and car characteristics are gathered and an equivalent multi-body finite element
model of the suspension is created. Lastly, the multi-body model of the car is used
to compute the motion and the evolution of the suspension forces, establishing a

benchmark for preliminary designs that are computed afterwards.

e Chapter 2 focuses on the material study of the composite leaf spring. The laminate
material for the leaf is first chosen using material selection amongst common ma-
terials used in the manufacturing of composite leaf springs. Material properties of
the chosen material are then defined. Finally, adequate manufacturing processes for

composite leaf springs are described.

e Chapter 3 is aimed at the establishment of the analytical method for the preliminary
designs of the transverse leaf springs. A first section is dedicated to the definition of
the different structural integration cases that are possible for the leaf spring, which
are named as integration degrees. A second section is dedicated to the establishment
of a leaf spring model based on Classical Laminate Plate Theory (CLPT) and on
beam theory which are particularised according to the different integration degrees.
The last section is dedicated to the suspension modeling, which is separated in two
parts. The first part covers the computation of suspension forces whilst the second
part covers the creation of an equivalent two-dimensional kinematic model that
describes the motion of the suspension members along the vertical displacement of
the wheel.



e Chapter 4 is dedicated to the computation of a preliminary leaf spring design based
on the case study suspension. For each integration degree, the geometry of the
leaf is first computed and assumptions regarding beam theory are verified. Modal
analysis is then performed if an analytical solution exists for the corresponding beam
model. As a second step, kinematic analysis of the suspension is carried out and
compared with results from the suspension case study. Dynamic loading is then
assessed based on a set of standard values. Afterwards, a comparison of the results
between each integration degree is made. This chapter ends with the enumeration of
several possible improvements on the different leaf designs based on the observation

made with the analytical results.

e Chapter 5 is first aimed at the validation of the analytical results and assumptions.
To do so, finite element models of the preliminary leaf designs are created. With
these models, static analysis is performed on the leaf with different loads to assess
validity of previously made assumptions. A rapid modal analysis is also performed

on the leafs to assess whether or not it is suited to be fitted into an actual suspension.

Overview of leaf spring technology

Leaf springs are usually mounted longitudinally on heavy loaded vehicles such as vans
and pick-ups. They are particularly suited for the rear suspension of those vehicles as
they are compliant in the vertical direction and stiff in lateral and longitudinal directions
[4]. The most familiar form of longitudinal leaf spring mountings is called the Hotchkiss
arrangement. [t is composed of a pair of semi-elliptic leaf springs which is attached to
the rigid axle through U-clips. Connection to the body is made of a bushing on the one
end and a shackle on the other end, allowing for the deformation of the leaf (Fig. 1).

In terms of materials, two families are commonly observed: steel and composite leafs.
Steel leaf springs are most of the time composed of a pile of staged leafs with the same
or different thickness called multiple-leaf springs. Those layers are required for the spring
to obtain the required compliance and strength for the suspension. They are really cheap
and easy to produce but this particular geometry leads to inter-leaf friction. This friction
between leafs leads to a non-linear behavior of the spring deflection [5], which impacts

the natural frequencies of the spring and therefore the driving comfort [6].



Leaf spring

Figure 1: General Hotchkiss suspension system [4].

With the use of composite materials, this problem can be avoided since a mono-leaf
spring design (Fig. 2) can be achieved due to their superior strain energy storage per
weight (up to 5 times compared to steel [7]) and lamination, leading to a more compact
and lighter leaf spring. Composites are also rather well suited for leaf springs as they
provide superior fatigue strength, corrosion resistance and higher natural frequencies,
leading to a smoother ride. The most commonly used composite materials are Carbon
Fiber Reinforced Plastics (CFRP) and Glass Fiber Reinforced plastics (GFRP). CFRP is
considered as a high end material, as the material and manufacturing costs are high but
provide the lowest mass. GFRP is a cheaper alternative, as the material density is higher

and the material properties are lower, increasing the mass [8].

Figure 2: Rear axle of the Mercedes Sprinter with composite single-leaf springs [9].

Even though transverse leaf springs are not common for current suspensions, their
use is not limited to recent times. In fact, the first mass produced car in history, the
Ford T, was equipped with a front multi-leaf steel spring, as pictured in Fig. 3. This
axle, often called the 'Suicide Axle’, was particularly known for its poor handling due
to their horizontal shackles that allowed lateral rocking. The design of this suspension

was however motivated by the state of the roads at that time. Roads were mostly dirt



tracks, which made it difficult for cars to maintain the four wheels in contact with the
ground. This lateral wheel travel allowed to keep contact with the ground [10]. This is
why the Ford Motor Company kept using this front axle from 1908 to 1948, as after this
period, tarmac roads became more common. Improvements in production machinery also
allowed to produce better quality coil springs. For the record, the transverse leaf spring
suspension is even older than the Ford T, as this suspension type can be found on coaches
dated about 1650 [11].

Figure 3: Front suspension of the Ford T[12].

Even though coil springs became the norm for independent suspensions, some car
manufacturers still tried to use transverse steel leaf springs. A well-known example is
the Chevrolet Corvette, which started using transverse leaf springs with the Corvette C2
(1963). The C2 implemented a steel leaf spring in a rear independent suspension (Fig. 4)
that allowed to have an anti-roll effect due to the leaf and its pivot mountings, which was
designed by Zora Arkus-Duntov based on the CERV I (Chevrolet Experimental Racing
Vehicle) from 1959 [13]. Other car manufacturers such as Fiat with the 128 and Triumph

with the Spitfire used transverse steel leaf springs for their rear independent suspension.

Figure 4: Rear suspension of the Chevrolet Corvette C2 [14].



The most significant change in transverse leaf suspensions came with the Chevrolet
Corvette C3 (1967). Initially, the C3 was equipped with the same rear suspension than
the C2 but, in 1980, Chevrolet replaced the multi-leaf steel spring with a single mono-leaf
FRP (Fiber Reinforced Plastic) spring. This allowed further weight saving on the rear
axle, as the FRP allowed to save 19kg compared to the steel multi-leaf spring. Moreover,
the mass of the FRP leaf only represents 33% of the mass for the equivalent coil spring
suspension (also, the anti-roll bar could be either removed or a lighter one could be placed)
[15]. Since they are the first manufacturer to utilise FRF mono-leaf springs, this type of
independent suspension is often referred as the 'Corvette leaf spring’. Since then, almost

all transverse leafs are made of composite materials.

Nowadays, with manufacturers needing to further reduce the mass of their vehicles (to
limit the consumption) and also searching for compact suspensions (to allow space for the
battery in electric vehicles), some car manufacturers are developing suspensions based
on a transverse composite leaf spring. This appears to be a good solution, as the leaf
allows to save weight with respect to coil spring designs and also further reduce the mass
by functional integration of several other suspension members on the leaf. Apart from
the independent suspension type on which the leaf is integrated (e.g. double wishbone,
McPherson, ...), 4 different types of transverse leaf spring suspensions can be defined

based on their degree of functional integration.

The first type of transverse leaf suspensions is when the leaf is used only to replace
coil springs. A known example is the second generation of the Volvo XC90 (2015-) which
uses an integral link rear axle with a GFRP transverse leaf spring (Fig. 5). In this case,
the leaf spring allows a mass reduction of approximately 4.5kg, improvement of the NVH
(Noise, Vibration and Harshness) and also adds some space to the trunk compared to the
initial design with coil springs [16]. The leaf extremities are connected to the lower arm
with vertical sliders and rubber bushings to further reduce vibrations. Connection to the
body is made with 2 clamps at the top of the leaf and two others at the bottom of the
leaf, with top and bottom clamps slightly unaligned. Following a patent from Hyundai
[17], the asymmetric link improves driving comfort. The leaf spring is made of GFRP
plies with unidirectional lay-up along the longitudinal direction of the leaf (transverse

direction for the suspension) as the leaf only experiences vertical loads.



Clampers
(unaligned)

Figure 5: Rear suspension of the Volvo XC90 [18].

A second type of suspension is when the leaf is used to replace coil springs and also
to have anti-roll properties, in order to replace totally the anti-roll bar or use a less stiff
one. This allows to save some more weight and space. As explained earlier, a known
example for this type of suspension is the Chevrolet Corvette. Starting from the C5, both
front and rear suspensions of the Corvette consist in an independent suspension with
unequal-length double wishbones and a transverse GFRP mono-leaf spring attached to
the lower arm, pictured in Fig. 6. The leaf is attached to the car body through two widely
spaced pivot mounts which give the leaf its anti-roll property. This property is explained
by Michael Lamm [13]: ” The leaf actually would forms a S shape when the car rolls if
the material was soft enough, the fact that it does not actually serves as counteracting
this effect, hence minimizing roll”. Lamm also adds that the anti-roll effect can be tuned
with the position of the pivot mounts and also by changing the thickness and width of
the center part of the leaf. This allows the Corvette to have a lower ride height, reduce
the stiffness of their anti-roll bars and save weight compared to the same suspension with
coil springs. For some versions of the Corvette C7, the rear anti-roll bar could even be

entirely removed.

The C5 Corvette IFS
1997 - 2004

The C5 Corvette IRS
1997 - 2004 —

(a) Rear suspension (b) Front suspension

Figure 6: Front and rear suspensions of the Chevrolet Corvette C5[19].

A third type of suspension is when the leaf is used to replace both coil springs and
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control arms. This type of suspension is not common (even in patents), as one of the only
example is a prototype from BMW presented at the 11th International Munich Chassis
Symposium in 2020 [20]. This prototype presents a particular design, as it is technically
not a transverse leaf design. For space reason, the leaf is separated into two parts (Fig. 7).
The leaf is clamped to the body and is designed to only be compliant in the vertical
direction, as the leaf must ensure the functions of the control arm. This suspension
designed for the BMW i3 allows to save weight on both axles and also save space for
a larger one-box design for the HVS instead of the conventional two-box design, as the
single-leaf design is more compact than the series 5-link suspension (Fig. 8). However,
as told by Dr. Emmanuel Tromme, this design was not conclusive in further testings
as durability problems appeared. Therefore, they had to go back to the use a whole

transverse leaf instead of their separate leaf design.

(a) Front suspension (b) Rear suspension

Figure 7: Front and rear suspension prototypes for the BMW i3 [2].

(a) Series rear axle (b) Prototype rear axle

Figure 8: Available space for high voltage storage in an electrified compact car [2].

The last suspension type is when the leaf integrates the coil springs, anti-roll bar and
control arms. This type of suspension is not really present on the market but can be
seen in many patents and prototypes. One example is the GFRP transversal leaf spring
for BEVs (Battery Electric Vehicles) from the automotive supplier Mubea (Fig. 9). This
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suspension, presented at the 2021 International Motor Show in Munich, integrates anti-
roll properties by using two pivot mounts at the center of the leaf. Since the leaf integrates
the control arm, it must be stiff to lateral and longitudinal loads and compliant to the
vertical load. To allow this vertical compliance, the leaf is made of unidirectional GFRP
plies in the longitudinal direction. According to Mubea, this design is aimed at replacing
multi-link axles allowing a weight reduction of approximately 20kg and freeing up some

space for the batteries.

Figure 9: Mubea’s GFRP transversal blade spring for BEV-axles [21].



Chapter 1
Initial suspension model

A suspension model is required to compute preliminary designs of the transverse leaf
springs and to establish a benchmark when assessing their performance. This chapter
first motivates the choice of suspension type that will be used in the development of the
analytical design method. The suspension case study is then defined and a thorough

kinematic analysis is performed to establish a benchmark for future computations.

1.1 Choice of the initial suspension design

The choice of the suspension is motivated with the objective of deriving a straightfor-
ward and reliable analytical model for the integration of the transverse leaf spring. With
further aim of having a more general solution that can be adapted to other types of inde-
pendent suspensions, the double wishbone suspension has been retained. This suspension
type is commonly studied analytically in 2D using a front and side view plane (Fig. 1.1),

which makes is simple to understand and compute forces acting of the suspension.

Compensating

moment, F_r
Motion
FI
(a) Side view plane (b) Front view plane

Figure 1.1: 2D planes for the computation of forces in double wishbone suspensions [4].

Furthermore, the solution for the double wishbone suspension is usually applied to
approximate multi-link suspensions and the solution for the MacPherson suspension can
be retrieved by considering an infinitely long upper arm, as advised by David C. Barton

and John D. Fieldhouse [4]. To further simplify the analytical solution, the suspension
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is considered on the rear axle. This avoids having to take into account any turning

mechanism in the computations.

The initial double wishbone suspension design is the one present on the pre 2005 Audi
A6 (Fig. 1.2) rear axle, which is more specifically a Short Long Arm (SLA) suspension
design. This specific suspension has been previously studied at the university of Liege
in Professor Olivier Briils Ph.D. dissertation on Integrated Simulation and Reduced-Order
Modeling of Controlled Flexible Multibody Systems [22] [23].

Figure 1.2: Audi A6 (2004) [24].

In this context, a multi-body model based on the Finite Elements Method (FEM)
was created on SAMCEF-MECANO based on real measurements performed on the
car. Current study is based on this multi-body model, which was reconstructed through

a data file provided by Dr. Emmanuel Tromme.

Rear

SLA . ] \ .x_\\ o

Front

Figure 1.3: View of the provided multi-body model in SIEMENS NX22.

This model, which is not working in the current state of SIEMENS NX, is the starting

point for the creation of a smaller 3D model representing only the rear axle of the car.
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1.2 Suspension characteristics

Using the multi-body model of the A6 (Fig. 1.3), the position of the center of mass
(Fig. 1.4) and a 3D schematic of the suspension geometry (Fig. 1.5) are defined. Numerical
values associated to both Fig. 1.4 and Fig. 1.5 are gathered in Table 1.2. Other useful
information for the suspension modeling can be found in Table 1.1. Please note that the
vehicle axis are defined based on the ISO 8855:2011 [25].

Figure 1.5: Simplified 3D multi-body model schematic of the rear left SLA suspension.
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Parameter Symbol Value
Mass of the car M 1146 kg
Mass of the wheel My, 15 kg
Linear stiffness of the spring k 48 N/mm
Damping coefficient of the damper c 2 N- s/mm

Table 1.1: General characteristics of the car and its suspension.

Parameter Symbol(s) Value [mm]|
Position center of mass CM (xem, Your, Zom) (0, 0, 585)
Wheelbase L 2714
Front distance to CM a 1090
Rear distance to CM b 1624
Length short arms li, Iy 287
Length long arm 1 l3 405
Length long arm 2 ly 389
Length tie rod 1 ls 356
Length tie rod 2 lg 227
Length knuckle Iy 192
Length wheel link lg 67
Effective rolling radius R, 318
Position hinge A (A, Ya, 24) (-1495, 466, 434)
Position hinge B (xB, yB, 2B) (-1702, 466, 421)
Position hinge C (xe, Yo, zc) (-1429, 334, 265)
Position hinge D (xp, Yo, 2D) (-1746, 334, 245)
Position hinge E (xg, YE, 2E) (-1789, 348, 297)
Position fixed end of spring S’ (xsr, Ysry Zs7) (-1608, 571, 631)
Initial position spherical joint F (xp, Yr, 2F) (-1597, 733, 405)
Initial position spherical joint G (za, ya, 2a) (-1605, 695, 217)
Initial position spherical joint H (m, Yu, 2H) (-1805, 695, 217)
Initial position point I (m, Yo, 2H) (-1601, 715, 315)
Initial position wheel center WC (xweo, yweo, zwe) | (<1624, 778, 318)
Initial position CPC (xcpe, Yyoro, zope) | (-1624, 798, 0)
Initial position free end of spring S (xs, ys, 2s) (-1553, 589, 231)

Table 1.2: Geometry for the car and the suspension schematics.

It is worth to note that for the initial multi-body model, the car is considered in
standard conditions. The only force acting on the car is its own weight with the car on a

flat surface, meaning that the spring is already compressed. This position is considered
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throughout the study as the reference position of the wheel (Omm stroke). In this con-
figuration of the suspension, the initial value of the camber angle is v = —2.5° while the
initial value for the toe angle is not known since the wheel is not represented in the initial

model. The initial toe angle value is therefore considered 0°.

1.3 Kinematic analysis

Based on the geometry and parameters of the suspension, a NASTRAN-MECANO
multi-body model is created to establish an initial benchmark for the design. The multi-
body model is composed of the rear-left SLA suspension fixed to a fictional car body by
the means of rigid links connected to the center of mass which is set fixed. Also, since
NASTRAN does not allow the pre-compression of springs, a negative vertical force Fj,;
corresponding to the reaction force due to the mass of the vehicle is added at the contact
patch center (CPC). Using the position of the center of mass (Fig. 1.4) and performing
the equilibrium, the reaction force on the rear axle writes

1090

a
TeaT:M —=1446-9.81 — = 1 N, 1.1
R gL 6982714 5718 (1.1)

with g the gravitational constant. Force acting in one of the rear wheel contact patch is
therefore Fj,;; = 5718/2 = 2859N. The complete multi-body model is pictured in Fig. 1.6.

M

- ep
& [ T

Figure 1.6: MECANO model of the initial suspension design.

To compute vertical force in the wheel contact patch and kinematic performance curves

of the suspension, vertical displacement of the wheel is enforced through a constraint on
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the contact patch center. Vertical displacement of the wheel is separated into positive
displacement (jounce) and negative displacement (rebound) starting from the standard
position of the suspension for which the vertical displacement of the wheel is Omm. Max-
imum rebound position is defined as the vertical position of the wheel as the car lifts
off the ground completely. In this configuration, only the mass of the wheel (m = 15kg)
acts on the suspension, resulting in a -103mm vertical displacement. Maximum jounce
position is usually limited by bump stops, which are nor defined nor available for this car.
According to Genta [11], good practice when designing suspension for a passenger car is
to consider a 70mm wheel displacement. Using this value for the undefined jounce, the
total vertical stroke of the wheel is [-103; 70jmm. The simulation is performed using the
NASTRAN SOL402 multi-step nonlinear kinematics solver. The case is solved as a non-
linear dynamics problem by using a generalized-a time integration scheme with spectral
radius pe, = 0.8, leaving moderate numerical damping into the solution [26]. Jounce and
rebound phases are separately performed in a 100s time in order to have a solution that
is as close as possible to a static loading of the suspension. The time step is 0.1s which
leads to sufficient precision of the solution and convergence of the solution. Using the
solution of the simulation, the static loading in the contact patch along the displacement
of the wheel (Fig. 1.7) is obtained and the kinematic performance curves (Fig. 1.8) are

derived.

N
(]
Jounce — |

AZ [mm)]
S

<~— Rebound

-100 -

0 1000 2000 3000 4000
Fz [N]

Figure 1.7: Vertical static loading in the contact patch center during jounce and rebound.
Computed using the MECANO model.

As it can be seen in Fig. 1.7, the vertical force associated with the maximum jounce
position yields F; = 3918N while the position corresponding to the unloaded (F; = ON)
position yields AZ = -99mm.

The evolution of the vertical force in the contact is a convex function. This means that

with an increasing force, the vertical displacement of the wheel increases more rapidly.
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This may seem wrong at first sight but this behavior can simply be explained by two
factors. First, when the wheel moves upwards, the free end of the spring attached to the
lower arm experiences a lateral displacement along the y-axis. As the other end of the
spring is fixed to the car body, the angle formed by the spring and the z-axis increases
hence, the axial force induced by the spring is reduced. The other reason is that the
spring is modeled as a linear element. In a real behavior, the spring would see its stiffness
increase past a certain compression rate, which would lead to an increase in the axial
force. Also, in practice, the positive vertical motion of the wheel is limited by a bump
stop, which is a rubber element preventing contact between the suspension members and
the body of the car.
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Figure 1.8: Half track (a), wheelbase (b), camber angle (c¢) and toe angle (d) variation
during jounce and rebound. Computed using the MECANO model.
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Half-track (Fig. 1.8a), camber angle (Fig. 1.8c) and toe angle (Fig. 1.8d) variation all
have the expected behavior compared to other SLA suspension [27]. SLA suspensions are
known for their negative camber gain compared to other variants of the double wishbone
suspension (e.g. equal length arms). Also, a negative camber gain of —1.5° is of the same
order of magnitude as most passenger cars. For the wheelbase variation (Fig. 1.8b), the
increasing wheelbase in jounce and decreasing wheelbase in rebound can be discussed. For
double wishbone suspensions, upper and lower wishbones are both theoretically parallel
to the z-axis, which means that there should not be any wheelbase change due to the
vertical motion of the wheel. However, in the case of the Audi A6, the SLA suspension
on the rear axle are actually by an angle of approximately —3.6° in the xz-plane, which
induces the wheelbase variation. This can be further verified by computing the minimum

and maximum values of the camber gain:

AX(AZ =70) = 4.3 ~ 70 sin(3.6°) (1.2)
AX(AZ =-103) = 6.5 ~ =103 sin(3.6°) (1.3)
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Chapter 2
Material study

This chapter is dedicated to the definition of the composite material that will be con-
sidered for the design of the leaf spring. Material selection is performed to determine the
choice of laminate material and its associated material properties are gathered. Manufac-

turing processes are then discussed.

2.1 Material selection

Based on literature, there are mainly 2 families of composite materials that are used to
manufacture transverse leaf springs: glass fiber reinforced polymers (GFRP) and carbon
fiber reinforced polymers (CFRP). Materials from both families usually consist in a fiber
reinforcement held by the means of a resin matrix, which is called a ply. Plies are then
stacked together with specific angles to form a laminate. The most commonly encountered
type of laminate ply is the E-Glass/Epoxy. It is a GFRP with E-type glass fibers, which
stands for low electrical conductivity type of glass fibers, held together by the means of

epoxy resin. Other types of plies are listed in Table 2.1.

GFRP CFRP
Material Reference(s) || Material Reference(s)
E-Glass/Epoxy 7], [28] HT-Carbon/epoxy (7], 8]
E-Glass/Vinyl Ester [28]
S2-Glass/Epoxy [7]

Table 2.1: Common plies for composite transverse leaf springs.

The candidate material is required to have a high specific strain energy, as it ensures
that the leaf spring will have a lower mass. The specific strain energy can be written
1 o2
S=-—t 2.1
2 0E (2.1)
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where o; is the allowable stress, p is the material density and F is the Young’s modulus
of elasticity. For the suspension application, it is required to have a high specific strain
energy in static loading but more importantly a high specific strain energy in dynamic
loading, as most loads applied on a suspensions are dynamic. Fig. 2.1 highlights specific
strain energies of candidate spring materials from Table 2.1 in both static and dynamic
loading. The strain energies are expressed as a relative percentage of the reference value
obtained for the S2-Glass/Epoxy and the hatched region corresponds to the dynamic

loading strain energy.

—0.028
Steel Spring ﬂ 0.06

HT-Carbon/Epoxy 029 A | 0.46

E-Glass/Epoxy lllz;] | 0.76

S2-Glass/Epoxy 0-1'5/4 | 1.0

Figure 2.1: Specific strain energies of the spring candidate materials [29].

As shown in Fig. 2.1, HT-Carbon/Epoxy is the most suited materials as its specific
strain energy in dynamic loading is the highest. However, its low impact strength [7] may
cause a suspension failure in case of contact. HT-Carbon is also subjected to galvanic
corrosion [29], which can also lead to suspension failure over time. The cost is also more

important compared to glass fibers, as shown in Fig. 2.2.
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Figure 2.2: Cost of fibers with increasing reinforcement performance [30].
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The selection is therefore narrowed up to E- and S2-Glass/Epoxy which have higher
impact strength and galvanic corrosion resistance for a lower cost. S2-Glass/Epoxy has
a better specific strain energy compared to E-Glass/Epoxy due to its higher Young’s
modulus of elasticity but also costs more. In a perspective of a mass produced leaf spring
for the automotive industry, the slight increase in specific strain energy in dynamic loading
brought by the S2-Glass fiber is not justified compared to the increase of the costs. S2-
Glass fibers would however be much more suited for high end applications of the leaf

spring, such as sport cars.

2.2 Material properties

For the design of the leaf, mechanical properties of the lamina in the material axes
are required, namely: Young’s modulus in the fiber (longitudinal) direction F1;, Young’s
modulus in the transverse direction Fss, shear modulus G2, major Poisson’s ratio vys,
minor Poisson’s ratio 51, longitudinal tensile and compressive strengths o and o¢', trans-
verse tensile and compressive strengths o and o, shear strength 75 and density p. For

E-Glass/Epoxy plies, part of these mechanical properties are reported in Table 2.2.

Property Eu E22 G12 V12 Uf 0'10 O'g 0'20 T12 P
Units [GPa] [GPa] [GPa] [] [MPa] [MPa] [MPa] [MPa] [MPa] [kg/m?]
E-Glass/epoxy ‘ 39 8 3.7 0.28 1082 620 39 128 89 2000

Table 2.2: Mechanical properties of the E-Glass/Epoxy laminate plies [31].

Another mechanical property, the minor Poisson’s ratio vs;, is determined using the

reciprocity relation.

V12 Va1 Ey
By Bn 2T E, (2:2)

2.3 Manufacturing processes

Manufacturers such as BMW and Mubea [32] resort to (low pressure) Resin Transfer
Molding (RTM) and High Pressure Resin Transfer Molding (HP-RTM) when manufac-
turing their GFRP and CFRP components. These processes are particularly well suited
for automation and mass production as their cycle time are relatively short. HP-RTM is
the fastest of the two process, with cycle times of less than 10min compared to 30min for
the RTM process. HP-RTM also allows to create complex geometries, such as sideframes
for the BMW i3 [32]. This process however requires a more consequent investment in the
machinery and in the computation of the pressure, which can become complex depending

on the manufactured geometry. Process cycles for both processes are pictured in Fig. 2.3.
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Figure 2.3: Low pressure resin transfer molding (RTM) and high-pressure resin transfer
molding (HP-RTM) process cycles [33].

Another possible process for the manufacturing of composite leaf springs is the use of
Short Moulding Compound (SMC), as advised by Pr. Michaél Bruyneel in a discussion.
Interests in SMC are growing in the automotive industry, as it is one of the cheapest
process for the production of composite structures and particularly well-suited for mass
production [34]. SMC are ready-to-mould GFRP or CFRP materials usually delivered in
the form of rolls. These are manufactured by dispersion of chopped carbon or glass fibers
in a bath of thermoset resin (e.g. epoxy), as pictured in Fig. 2.4. Due to this process, the
compound is relatively homogeneous, which could be detrimental in the manufacturing of
leaf springs as it is preferred to have anisotropy in the material. However, processes exist
in which the fibers are forced towards an unidirectional direction. SMC are usually put

into shape using compression moulding [34].

Figure 2.4: Manufacturing process of short moulding compounds [35].
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Chapter 3
Analytical study

Before stating the analytical methodology for the computation of the preliminary design
of the leaf, different possible suspension designs are derived based on the type of suspension
members the leaf integrates. The leaf spring is then modeled accordingly to its design
requirements combining beam and laminate theories, allowing to express its deformation
when subjected to loading cases. After that, a methodology for the computation of
the suspension forces is defined and a kinematic model of the suspension is created.

Beforehand, some specific preliminary assumptions are made on the design:

e The transverse leaf spring is a single component that links the right and left sides

of the suspension;

e The leaf is placed at the lower arms, as positioning the leaf on the upper arms would

lead to a reduction of the trunk space;

e To avoid altering the design of the car, the position of the leaf supports are those

of the lower arm.

These assumptions, which are common to most transverse leaf spring suspension designs,

lead to the general schematic of the transverse leaf suspension pictured in Fig. 3.1.

Figure 3.1: Front view plane schematic of a double wishbone suspension with the coil
spring replaced by a leaf spring (orange).
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3.1 Modified suspension design

Following the state of the art on transverse leaf springs, 4 different design possibilities of
the suspension are derived based on the number of suspension elements the leaf integrates,

i.e. the "integration degree” of the leaf spring. These degrees are depicted in Table 3.1.

. Integrated suspension members
Integration degree Example

Coil spring | Anti-roll bar | Lower arm
1 v x x Chevrolet Corvette C3 [14]
2a v v x Chevrolet Corvette C5 [19]
2b v x v BMW (concept i3) [2]
3 v v v Mubea [21]

Table 3.1: Possible integration degrees of the leaf spring in the suspension design.

In terms of suspension design, each integration level requires one or two modifications
of the initial suspension diagram pictured in Fig. 3.1. Integrating the coil spring is simply
done by linking its ends to movable parts (here the lower spherical joint) of the left and
right suspension of the axle and fixing them to the car body by the mean of clamps.
Even though the main goal is to sustain vertical loading, those clamps often allow a small
lateral (y-axis) and longitudinal (z-axis) motion in the form of bushings as, in practice,
suspension arms are not infinitely rigid. When the lower arm is removed, the clamp must
sustain loading in all directions. To integrate the anti-roll bar (ARB) properties in the
leaf, the clamps are replaced by hinges allowing rotation of the leaf around the z-axis.
As a matter of simplicity, bushing will not be modeled in this section. Nonetheless, it
will be considered that for cases where the lower arm is not removed, the leaf does not
experience any longitudinal (z-axis) forces due to these bushings. For those cases also,
no external transversal (y-axis) forces will be considered except the ones rising from the
tension/compression caused by the geometry of the suspension. The different integration

degrees are pictured in Fig. 3.2.
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Figure 3.2: Schematics of the integration degrees 1 (a), 2a (b), 2b (c) and 3 (d).

3.2 Leaf spring modeling

To predict the behavior of the leaf spring under loading cases, an accurate analytical
model of the leaf is sought. This model is obtained by a combination of laminate and

beam theory particularised to the integration degrees of the leaf expressed in Section 3.1.

3.2.1 Deformed composite structure

To compute deformation and stresses of a composite laminate, effective properties of
the laminate are computed by determining the properties of the individual laminae. The
associated analytical process is known as the Classical Laminated Plate Theory (CLPT)
[31] [36], which is a combination of the classical laminate plate and thin structure theories.
The latest, also known as the Kirchhoff-Love theory of plates, is based on the following
Kirchhoff assumptions [36]:

e Assumptions related to thin plates:

— Plate initially flat and of constant thickness;
— Thickness / width < 0.2;

— Transverse displacement / thickness < 0.2.
e Assumptions related to the behaviour under loading:

— A segment initially normal to the mid-plane remains straight and normal to

the mid-plane in the deformed state;
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— The normal stresses perpendicular to the mid-plane are negligible;

— Displacements of the points belonging to the mid-plane of the plate are per-

pendicular to this plane (bending).

A general laminate can be subjected to both in-plane and out-of-plane loading. Fol-
lowing CLPT, resulting strains € and curvature k are continuous through the laminate
whilst stresses o are continuous only within the plies, as the ply moduli are discontinuous
due to various orientations of the plies. This variation of strain and stresses is shown in
Fig. 3.3.
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Figure 3.3: Strain and stress variation in a laminate subjected to bending [31].

Due to this discontinuity of the stresses, applied loads are defined in terms of their
stress resultants. As pictured in Fig. 3.4, this leads to three in-plane (N,, N,, N,,) and
three out-of-plane (M,, M, M,,) resultants in the structural axes (x, y, z). Please note
that the structural and material axes that are written in this report follow the convention

established in [31] which is a different convention from [36].

Figure 3.4: Material axes and associated in-plane and out-of-plane loads for the ply [31].

For composites, these resultants are found by integrating the ply stresses through the

thickness of the laminate:

Na h/2 Tz M, h/2 Oz
N={N, :[W o, bd:  (31) M= M, :[h/zz o, bdz  (3.2)
ny Oxy Mxy Oxy
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From Eq. (3.1) and Eq. (3.2), it comes

Og Qu Qa1 Qe
oy ( =| Q2 Qa2 Qo (€"+2K) = Q. -€ (3.3)
Oy Qs Q2 Qss

where Q is the reduced stiffness matrix in the structural axes and € are the membrane

strains due to in-plane deformation. The reduced stiffness matrix Q

x’y7z

is obtained by

x?y?’z

rotation of the reduced stiffness matrix in the material axes Q, 53 which writes

Qu Qi 0 m Fr m oy By 0
Qioz=|Qn Qa2 0 |=|muviy Ex m Ey 0 (3.4)
0 0 Qss 0 0 G2
with m == l_y;yyyx. The transformation from the material to the structural axes writes

Qu A st 2252 4c?s?
Qa2 st 2252 4?52 Q11
@ _ ?s? ?s? A+t 4?52 Q22 (3.5)
Oss 252 282  -2c252 (¢ - s2)2 Q1
Qs s —csd cs3-c3s 2(esP - 3s) | | Qes
Qa6 cs®  ABs ABs—cs? 2(B3s-ces?)

where ¢ = cos(f) and s = sin(#). 6 is the orientation of the ply. For the laminate, the

general form of the laminate stress-strain relation is finally given by Eq. (3.6).

N, A Ay A | Bu Bar Big 62
Ny Ap Agp Ags | Bia B Bag 62
wa ~ A Asg Ass | Big Bas DBes ’ng (3 6)
M, Bir Bai Big | Dun Do Dig Ry
My Bio By By | Dig Day Do Ry
| Mmy 1 L Bis Bss Bes | Dig Do Des 1L Ray |

Particularised to a laminate with constant hg thick plies, matrices A, B and D are
given by Eq. (3.7)
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n/2

Aij=ho Z/ Qy(t-(t-1)) (3.7a)
t=1-n/2
h2 n/2
Bij== Y QL(*-(t-1)?) (3.7b)
2 t=1-n/2 ’
h3 n/2
D=2 Y QL - (t-1)%) (3.7¢)

ij =
3 t=1-n/2
where n is the number of plies in the laminate and t the position of the ply with respect

to the middle plane.

Matrix B is commonly referred as the stretching-bending coupling matrix. If at least
one B;; # 0, the laminate will warp due to a purely in-plane load (Fig. 3.5a) or stretch due
to a pure bending moment. To avoid such effects, the laminate is required to be symmetric
along the mid-plane of the stacking sequence. Such stacking sequence is denoted with a
'S’ subscript (e.g. [0/90]s).

Non-zero A;g and Asg terms of the A matrix are responsible for the coupling between
extensional stresses (¢) and €)) and shear strains (v3,). This coupling can lead to the
laminate deformation pictured in Fig. 3.5b. To avoid these coupling terms, the laminate
is required to consist only of 0° and 90° oriented plies or that all angle plies are balanced.
A laminate is said balanced if for each ply at # with thickness h, another ply oriented at
-6 with thickness h exists (e.g. [0/+-30/90]7, where the subscript "T” denotes the total

laminate).

Non-zero Dig and Dsg terms of the D matrix are responsible for the coupling between
bending and torsion of the laminate, as pictured in Fig. 3.5c. This can be avoided in the

same way as avoiding tension-shear coupling.

== ’:“‘

SSaasee
“:‘\“ T

SSsseRue

(a) Stretching-bending (b) Tension-shear (c) Bending-torsion
Figure 3.5: Stretching-bending (a), tension-shear (b) and bending-torsion (c) coupling

effects on the laminate [36].

For a laminate that is both balanced and symmetric, all coupling terms vanish and
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Eq. (3.6) becomes Eq. (3.8) and Eq. (3.9)

N, Ay A21 0 62
Ny =|A;p Ay 0 62 (3-8)
ny_ | 0 0 A66 ng

MM/_ | 0 O D66 "fzy

From there, effective engineering properties are computed in Eq. (3.10)

1 A2
E,=—|A4, -2 1
»=y [ 11 A22] (3.10a)
1 A2,
S P 1
E, =3 [Am An] (3.10b)
A
Vay = A—” (3.10¢)
22
A
Gy = % (3.10d)

where h is the total laminate thickness.

For the design of the leaf, the stacking sequences is chosen balanced and symmetric
to avoid these coupling terms which may be detrimental for the performance of the leaf

spring.

3.2.2 Beam theory

Beam theory assumptions are first discussed to define the most accurate analytical
model for the leaf. Beam theory is then particularised according to the different transverse

leaf spring design possibilities expressed in Section 3.1.

3.2.2.1 Curved beam theory

Deflection of curved beams is mostly computed based on energy methods, e.g. Cas-
tigliano’s second theorem. Such computations can lead to highly non-linear equations, as
the beam deflection involves large deformation in the of a leaf spring [37]. However, for a
curved beam with a large radius, straight beam theory can be used under one condition
on the thickness of the beam. The condition writes [31, p. 275]: ’If for a curved beam,
the radius of curvature is large enough (10 times the thickness), the stress distribution
along the depth is very nearly linear and the complementary energy of flexure is given

with sufficient accuracy by the straight beam theory. If, in addition, the angular span is
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great enough such that deformations due to axial stress from the normal force N and the
shear stresses due to transverse shear V can be neglected, deflections and rotations can be

deduced from straight beam theory.’

Considering the leaf initially has a constant curvature R (due to the manufacturing),
the radius of curvature can be evaluated using the geometry of the suspension under
the no-loading assumption (F, = ON). R is computed based both for a cantilever beam

(integration degrees 1 and 2b) and an overhanging beam (integration degrees 2a and 3).

R-4z

(a) Cantilever beam (b) Overhanging beam

Figure 3.6: Computation of the constant curvature radius in the case of the cantilever
(a) and the overhanging beam (b).

In both cases, the radius of curvature R writes

1 Az
R=L*—+—=—" 3.11
oAz 2 (3:11)
where L is the distance from the eye of the leaf to the straight part of the leaf and Az is
the vertical offset of the eye with respect to straight part of the leaf. The angular span 6

yields in both cases
L

0 = sin I(E) (3.12)

For the cantilever beam, Eq. (3.11) can be solved straight from the geometry of the
suspension in Fig. 3.6a, which is computed with the method presented in Section 3.3.2.
This gives a radius of curvature R = 468mm and an angular span of # = 46° (in the case
the lower arm). Therefore, requirements for the straight beam theory are met, since in

practice the thickness of a leaf spring lies between 10mm and 20mm (< 1—10R).

For the overhanging beam, more calculation is required since the distance Az — Az,

is unknown. Based on the geometry in Fig. 3.6b, one can find the radius of curvature
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R =1300mm. This leads to an angular span of 31°. Like the cantilever beam, requirements

are met for the overhanging beam.

3.2.2.2 Euler-Bernoulli beam theory

As deduced in previous section, the leaf can be represented by using a straight beam
under transverse deformation. Classical beam theory, also known as Euler-Bernoulli beam
theory, provides a solution for the deformation of a beam. The Euler-Bernoulli equation

expresses the relationship between the load and the deflection, which writes in the zz-axes

d? d?>w
— |\ -] = 3.13
where F is the Young’s modulus, [ is the second moment of area of the beam’s cross
section, w the deflection in the vertical (z-axis) direction and ¢ is a distributed load. Note

that for the leaf spring application, the x-axis of the beam is replaced by the y-axis of the

d? d?w
—\|\E]I— ) =0.. 3.14
dy2( dyZ) " (3.14)

This equation can be particularised with the boundary conditions and loads applied on

car, hence Eq. (3.13) writes

the beam. Books such as 'Roark’s principle of Roark’s Formulas for Stress and Strain’ [31]
provide tables with particularised solutions to the Euler-Bernoulli equations for common
beam problems encountered in practice, with, as most known example, the cantilever
beam. These tables are used to model the leaf depending on the integration degree
established earlier in Table 3.1.

In the case the leaf is clamped to the body, i.e. no anti-roll bar integration, the leaf
spring can be represented by a cantilever beam carrying a point load on its free end. This

deflection (in small deformation) is illustrated in Fig. 3.7.

d

y \H 4z

L
Figure 3.7: Deflection of a cantilever beam subjected to a point load at its free end in
small deformation assumption.

&4
4

In this case, the deformation writes for any point of the lead

Az(y) = %(3L—y). (3.15)
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The maximum deflection at the free end is therefore given by

FL3
Azmaz = E (316)

In the case the leaf is fixed through hinges to the body, ¢.e. anti-roll bar integration,
the leaf spring can be represented by a overhanging beam carrying a point load on its free

end(s). This deflection (in small deformation) is illustrated in Fig. 3.8.

|

Az,

'S

-~

Figure 3.8: Deflection of a overhanging beam subjected to a point load at its free end
in the small deformation assumption.

In this case, the deformation writes for any point of the leaf

F(y+1) l I, L
AZ(@/)—W [Be(y+5)-(y+5) +2] forye __E’_§]
Fe(y-1 l l [l
< A _— 2 _ —)(2] - — f —_— —:| 317
2(y) LTl (1 y+2)(l y+2) forye| -5 3 (3.17)
Fel(y-4% [l L
AZ(?J)—6T , for y e 5 5]
The maximum deflection at the loaded free end is therefore given by
Fe?
A = — 1
and the deformation on the unloaded end is given by
Fc?l
w=—, 3.19
T Bl (3:19)
The deformation at the center of the leaf also writes
Fcl?
AzZpig = ————. 3.20
mid =TGR (3.20)

In practice, the suspension experiences forces at both wheels, leading to a static charge
at both ends of the leaf. The load acting on the leaf is pictured in Fig. 3.9.
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Figure 3.9: Deflection of a overhanging beam subjected to a point load on both free
ends in the small deformation assumption.

The solution for this deflected beam is found using the principle of superposition
with the contribution of each force. In the case F; = F5, which is the load case for
the computation of the static vertical force in the contact patch, maximum deformation

occurring at the ends of the leaf writes

Fc?
A =——(2 . 21
Zmaz 6EI( c+3l) (3.21)

The deflection at the center of the beams writes

Fel?

. 3.22
SET ( )

AZmid ==

Two limitations however arise from the Euler-Bernoulli beam theory: transverse shear
deformation is neglected and the deflection along y is neglected by the assumption of
small displacements. While the first limitation is investigated in Section 3.2.2.3, the
second is discussed hereafter. The assumption of small displacements is often valid for
the computation of beam deflection, as for most of the cases, beams are structural elements
that undergo really small displacement. However, in the case of a leaf spring, the deflection
is well beyond the assumption of small displacements. If there were no lateral deflection
Ay for a large deformation, this would mean that the beam elongates, which should not
happen under the pure bending assumptions. In the case of large displacements, the

deformation of the cantilever beam can be pictured as in Fig. 3.10.
z F I
y
4 IAZ

Ay

r 3

L

Figure 3.10: Deflection of a cantilever beam subjected to a point load at its free end in
small deformation assumption.
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A solution to determine the lateral deflection Ay of a cantilever beam in large deform-
ations is proposed by Kashi Nath Saha and Sushanta Ghuku [37]. This relation, written

in current yz-coordinates, yields

L - - ;
9(s) = = (Vein(hu) - Viin(hu) =sin(u)). (3.23)

where s is the coordinate along the beam in the curvilinear coordinate system, L is the

length of the leaf (constant due to pure bending assumption), « = gTL; is a normalised

load parameter, v, is the deflection angle at the free end (whose value might differ from

the small deformation case) and ¥(s) is the deflection angle at the considered point.

Computing the deflection at the free, it comes 1(s) = ¢y, and Eq. (3.23) becomes

AyzL—ytisz(l—\/W). (3.24)

The authors provide a relationship linking o to 9y, which is pictured in 3.11.

o
[\
T
I

0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

a [rad]

Figure 3.11: Relation between the normalised load parameter o and the angle of deflec-
tion 1, for a cantilever beam in large deformation [37].

As it can be seen in the graph, the value of « is the same as 1)y;, for low values of a.
In fact, for a low load parameter, the small deformation solution is retrieved as
. sin(o
lim L

a—0

For the particular case of the current suspension design, the maximum value of « in the
suspension stroke can be computed with the complete configuration of the suspension in
jounce/rebound (see Section 3.3.2). A first guess of « is then computed based on the
vertical deflection in the minimum rebound position

FL? KAzL? 3Az 3x141

= = U. . 2
2ET 2ET 2L 2%363 058 (3:26)

o=
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As it can be observed in 3.11, the value of v is close to the one of « for a < 0.6. Therefore,
the assumption could be made that these two values are equal for the suspension geometry;,
hence A
z

P=a= 57 (3.27)
However, using this assumption leads to a difference of 10mm in the lateral displacement
of point B for the minimum rebound position. On the scale of the suspension, this leads
to a significant change in the suspension behavior, mainly on the camber angle which
becomes too big. To avoid this, an analytical expression is used. [38] provides a 10"

order polynomial approximating the a — ¢ relation, which is written in Eq. (3.28).

d() = 0.5(200) - 0.0458333(200)® + 0.00893105(2cr)®
~0.00223058(2a)7 +9.0927 - 106(2a)°. (3.28)

Finally, Eq. (3.24) writes

. ' c o ( 3Az
Ay:L(1—\/M)=L N el (3.29)
« 2L

Please note that, even though straight beam theory is used, the deflection of an initially

curved beam with constant curvature is well approximated by this method, as shown by
Kashi Nath Saha and Sushanta Ghuku’s results [37]. It is however expected that the
lateral deflection Ay will be slightly larger for the initially curved beam. This behavior

of the beam under large deformation is later verified using a finite element model.

In the case of the overhanging beam, no equivalent analytical expression for the large
deformation of the leaf spring could be found in the literature, as it is less studied than the
cantilever beam. This means that, in this case, it would be necessary to use Timoshenko’s
beam theory to derive the analytical expression of the lateral deflection in large deform-
ations of the beam [38]. This would lead to rather heavy ordinary differential equations
(ODEs) that require numerical tools to solve. This methodology is however too compu-
tationally demanding for a preliminary design. Therefore, the large deformation of the
leaf spring with integration degree 3 will be assumed the same as for the case where the
lower arm is not suppressed (i.e. integration degree 2a). The real behavior under large

deformation of the overhanging beam is later verified using a finite element model.

3.2.2.3 Bending of composite beams

If the laminate plate meets the requirements of a beam, the standard beam theory
(Euler-Bernoulli) can be used [31]. The necessary requirements are that the width and

the height must be much smaller than the length of the beam. This is the case for
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the leaf spring as its length is approximately 1.4m which will be much larger than its
width (» 100mm) and its thickness (~» 1bmm). For pure bending of the composite beam,

additional assumptions [31] are also required:
1. The beam is of rectangular cross section;
2. Plies lie in the x-z plane;

3. The shear coupling terms ()16 and ()96 are zero.

The equivalent modulus E* writes

B2% 12
E* = (D, - -2)—= 3.30
and can be particularised for a symmetric stacking sequence
. 12
E = Dnﬁ. (331)

This equivalent modulus can then be used within the standard beam theory to approx-
imate the solution in bending. However, Euler-Bernoulli beam theory ignores transverse
shear deformation, which is negligible for materials such as steel but might not be for com-
posites. In fact, transverse shear deformation should not be ignored for laminates, as the
shear modulus of the laminate is significantly smaller (Ggeer ¥ T0GPa and Ggrrp » 5GPa).
To take into account shear deformation, it is required to use Timoshenko’s static beam
theory [39], which writes for an homogeneous beam of constant cross section

d*w EI d%q

Erm =) -G ie

(3.32)

with I the second moment of area, A the cross section area, ¢(z) a distributed load, w
the vertical displacement of the mid-surface and '’ is the Timoshenko shear coefficient,
which is equal to 5/6 for beams with rectangular cross sections. However, a criteria exists

in Timoshenko’s beam theory that allows to ignore shear deformation [39] which yields

SET

20 << 1. (3.33)

If Eq. (3.33) is valid, then Timoshenko’s beam theory simply writes as Euler-Bernoulli

beam theory. For the leaf design, the procedure will therefore be the following:

1. Compute the geometry of the cross section of the leaf using its requirements (mainly

stiffness K') and Euler-Bernoulli beam theory;

2. Assess Timoshenko’s criteria in shear Eq. (3.33) using the computed geometry for

the beam;
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(a) If the criteria is valid, Euler-Bernoulli can be used for the analysis.

(b) If the criteria is not valid, Timoshenko beam theory has to be used (if possible).

Stresses are computed on a ply-by-ply basis. In the case of pure bending, it comes for

ply k

Oy
o, t =Qb,.2k=QL, zD'M. (3.34)
O'xy i

3.2.2.4 Axial tension/compression of composite beams

The solution for the beam under pure axial loading is similar to the one for pure bending.

Besides standard beam theory assumptions, the following assumptions (from [31]) also

apply:
1. Plies lie in the x-z plane;
2. The shear coupling terms ()16 and ()96 are zero;
3. The laminate is balanced and symmetric.

For a beam of rectangular cross section with width b, the axial stiffness (EA)* writes

(EA)* =bAy;. (3.35)

In this case, stresses in ply k are given by Eq. (3.36).

Oy Qn Q21 Q16
oy (=|Q12 Qa2 Qx| = Q];,y,zeo = Qf:,y,zA_lN (3.36)
Ogy Qe Q26 Qes K

3.2.3 Failure criterion

For anisotropic composite materials, one can evaluate if fracture occurs using the Tsai-

Wau failure criterion [36]. In the material axes, fracture occurs if the criterion is satisfied
Fiai+Fijain =1 (’l,j = 1,,6) (337)

F10'1 + FQO’Q + F606 + FHO'% + FQQO’% + F@ﬁO'g + 2F120'10'2 =1 (338)

The coefficients F; are computed based on the material properties:
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F - — 7 - T~ F =
"ol of U ofof
1 1 1
F=—-— Fy =
2 ol of 2 olof
1
Fe=0 Fee = 2
12
Fi5 = -0.5\/F11 F» (3.39)

From there, a safety criterion R can be introduced in the failure criterion

R= 7 (3.40)

0

where o;(a) is the proportional load case. The criterion finally writes
FiO'Z'R + EjO’iO'jRQ =1. (341)

Based on the value of the safety factor R, the safety of the design can be evaluated:
e If R = o00: no stresses and strains;
o If R>1: safe design;
o If R =1: critical design leading to failure;

e If R < 1: hypothetical failure of the design.

3.3 Suspension modeling

As pointed out by David C. Barton and John D. Fieldhouse in Automotive Chassis
Engineering [4], analysing the forces in a suspension is a complex problem that requires the
use of FEA for static analysis of the suspension members and MBD for three-dimensional
dynamic loading (road irregularities, accelerating, braking, cornering, etc). However, it is
possible to carry out simple design calculations based on graphical representation of the

suspension for a given load.

In this section, methodologies for the calculation of the static suspension forces are first
defined. They are then paired with a kinematic model of the suspension to fully describe

the suspension loads associated to the vertical motion of the wheel.
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3.3.1 Suspension forces

David C. Barton and John D. Fieldhouse [4] provide methods to compute forces in the
suspension members and mounting points. These methods and associated assumptions are
described and particularised to the case of the short long arm suspension in the following

sections.

3.3.1.1 Longitudinal loading

Longitudinal loads F'x due to aerodynamic drag, shocks, inboard brakes (non-conventional))
or drive torque give rise to a resulting force with the center of the wheel as its effective
point of application. The force acting at the center of the wheel is simply Fx, as illustrated
in Fig. 3.12.

<
Fx

Figure 3.12: Free body diagram of the suspension in theside view plane for a longitudinal
load acting in the contact patch.

For longitudinal loads due to outboard brakes (conventional) or drive torque in the
case of live axles (e.g. beam axles), a resulting torque is reacted outboard a the hubs.

This results in forces acting on the suspension arms as pictured in Fig. 3.13.

Figure 3.13: Free body diagram of the suspension in the side view plane in the case of
outboard braking.

Using the equilibrium around the wheel center, forces acting on the arms yield

BER,
Fo,=Fx——- 42
Gr = XCE Ly (3.42)

CER
Fg,=Fy—=2 3.43
Bx = XBE L, (3.43)

with F¢, the longitudinal force acting on the upper arm, Fp, the longitudinal force

acting on the lower arm and Lj the length of the knuckle.
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3.3.1.2 Vertical loading

To compute the forces in the suspension due to the static wheel load Fy, the following

assumptions are made:
1. Arms are considered as rigid links;

2. The loads due to the masses are ignored, as they are negligible compared to the
loads due to Flz;

3. Joints are considered pin joints to avoid friction effects, compliance in bushes and
other effects that are difficult to model;

4. The problem can be treated in 2D in the front view plane.

These assumptions lead to the diagram of the double wishbone suspension as previously
pictured in Fig. 3.1, with the leaf spring acting on the lower pin joint of the long arm.
This is a statics problem, as all members are in equilibrium. The simplest approach to

compute the suspension forces is to do it graphically.

It is first observed that the force acting on the upper arm F,, can only be along axis,
as the arm is pin-jointed on both ends. This allows to compute the intersection point G
of the force F; and the upper link axis. By equilibrium, the direction of the force acting
on the lower joint F is known as it must pass through the intersection point G. With
that, the forces acting on the wheel and kingpin assembly can be computed using a force

diagram illustrated in Fig. 3.14.

Figure 3.14: Free body diagram and force diagram of the wheel and kingpin assembly.
Analogous to the upper arm, the force acting on the lower arm must also be along its

axis. By equilibrium, the force acting on the leaf spring Fs can be computed using the

force diagram as illustrated in Fig. 3.15
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Figure 3.15: Free body diagram and force diagram of the lower arm and leaf spring
assembly.

The vertical force Fyg e+ and lateral force Fj e acting on the leaf can then be com-

puted as illustrated in Fig. 3.16.

== B
A

Figure 3.16: Free body diagram of the leaf.

For the computations, the leaf is assumed to be deforming under pure bending. There-
fore, the lateral force Fls,.x Will be neglected. This assumption is further motivated by
the fact that the angle 6, is really small (maximum 22° for this geometry) leading to a
small Fgyere. Another consideration is the effect of the lower arm on the deflected config-
uration of the leaf spring. As the arm is rigid, its rotation will cause the leaf to experience
tension/compression hence, producing a supplementary lateral force on the arm. This

force will also be neglected in the computation of the stresses.

Assuming the leaf spring rate in pure bending K and the current configuration of the
suspension are known (this is the case when computing the force at the wheel during full
jounce and rebound), Fz can be computed by first computing Fg. Starting from the force

diagram on the lower arm and on the leaf, Fiz is computed

Fs pert = ngin(g +0,) = Fp sin(\) sin(g +6)) (3.44)

Fyq B KAZB
sin(A) sin(% +6;)  sin(0p —0;) sin(% +6;)’

<:>FB=

(3.45)
where Azp is the vertical displacement of pin joint B, fp is the angle of force B with

respect to the y-axis and 6, is the angle of the lower link with respect to the y-axis. From

there, the force diagram of the wheel and kingpin assembly gives the value of the static
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wheel force. By the rule of sinuses one gets

.FZ = .FB <=>F2=FBS.IH(/£),
sin(k)  sin(«) sin(a)

(3.46)

where « is the angle between F,, and the z-axis and x is the angle between F,, and
Fp. Using the geometry of the suspension and the properties of the triangle forces by the

forces, it yields

=>Kk=m—-a-F=0p-03 (3.47)

where 63 is the angle of the upper arm. With configuration of the suspension, g is

computed. The position of point G is given by

Yc = Ycpc (3.48)

2G = MyuayYG t Pua

where m,,, is the gradient and p,, is the offset of the linear equation including the upper

arm. The gradient writes
2C — 2D

Myg = , (3.49)
Yo —Yp
whilst the offset is found using the position of the upper hinge D
zZc — 2
Pua = ZD = MualyD = ZD ~ Pyp (3.50)
Yc —Yp
The angle 65 is then computed using the gradient mp of the segment BG
mp = L€ o g = tan (2229, (3.51)
Yp ~Ya Ys ~Ya

Expressed with the known quantities, the static force in the contact patch center Fy

finally writes

. KAz g G 6)
sin(tan™ (22=¢) - 01) sin(5 +61) sin(% +63) ' '

In the case F is imposed, Eq. (3.52) is still valid but the configuration corresponding to
the equilibrium of the suspension has to be found iteratively, as the resulting suspension

configuration is unknown.

When the lower arm is suppressed, the computation of the vertical load is similar except
that the lower arm does not handle the later force Fj,; anymore. The force applied on

joint B Fjp will therefore lead to a vertical force Fg,.+ and a lateral force Fg ;4 acting
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directly on the leaf spring. The new force diagram is illustrated in Fig. 3.17.

==&
A

Figure 3.17: Free body diagram of the leaf in the case the lower arm is suppressed.

Now, the lateral force F'p;, applied on joint B has to be applied on the leaf. This
means that the position of pin joint B is subjected to a change in position as the leaf
is subjected to axial tension/compression. This is a problem in the computation as it
would be necessary to use the principle of superposition to compute the displacement,
which is strongly discouraged in the case of laminates [31]. For materials such as steel,
empirical tables that provide a coefficient for the combine axial and transverse loads do
exist but the same could not be found for composite beams. To avoid this potential
problem, the leaf is considered rigid in its axial direction which leads to the same results
as if the lower arm was still present. This assumption may rather well be best suited
in this particular case as the leaf will most certainly be made of unidirectional plies in
the y-axis of the suspension (z-axis in the ply coordinate system), leading to a very high
Young modulus of 50GPa compared to a relatively small force of approximately 3500N
maximum. Nonetheless, this assumption will be verified afterwards and the lateral force
will be computed and considered for the stress analysis. Based on the forces in Fig. 3.17,

force on the joint Fp now writes

FS,ver KAZB KAZB
Py = t _ £ - — s (3.53)
sin(0p) sin(fp)  sin(tan™'(22=2))

and Eq. (3.52) becomes

KA sl () - .
sin(tan™ (2222)) sin(% +05) ‘ '

3.3.1.3 Lateral loading

Adding a lateral load Fy to the vertical load Fz in the contact patch gives rise to a
resultant wheel force F'r. The method to compute this force is the same as for the vertical
load except that the position of the intersection point GG is changed. The new associated

free body diagram is illustrated in Fig. 3.18.
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Figure 3.18: Free body diagram and force diagram of the wheel and kingpin assembly.

In this case, it is assumed that forces F; and Fy are known and the configuration
of the suspension is unknown. Analogously to the vertical load case, the rule of sinuses
writes ()

Fr Fg sin(k
= — Fy;=F
sin(k)  sin(f) 77 Pin(B)’

Using the geometry of the suspension and the properties of the triangle forces by the

(3.55)

forces, it yields

Or = tan™ (£ )
a=0r-0g =>k=m—-a-=0g-10; (3.56)
ﬁ=7T—QR+83

with 0i the angle of the resulting force Fz. The position of point G is given by

PR — Pua
26 = MuaYG + Pua = MRYG + PR => Yo = ————— (3.57)
Myag — MR

with mpg = tan(fg) is the gradient of the force Fg and pg is the offset. m,, and p,, are the
same as for the vertical load. The offset pr is computed using the center of the contact

patch
Zcpc = MRYcpc + PR = PR = ZcpPC — Um(QR)?JCPc- (3-58)

With all quantities known, the resultant force in the case the lower arm is present finally

writes ( 1(2822) )
Fs ver sin(tan™ (=€) —
1/2B—2 2 : STy 3 (359)
" sin(tan- (32=¢) = 61) sin(5 +61) sin(tan™"(3£) - 0s)

and in the case the lower arm is suppressed writes

FB Jvert Sin(tan_l ( Zg ;g ) €3)
= — — s = (3.60)
sin(tan™ (Z2=2))  sin(tan™*( 72) = 03)

Eq. (3.59) and Eq. (3.60) can be solved iteratively to find the suspension configuration

corresponding to the given resultant force Fg.
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3.3.1.4 Bump stops

In practice, suspension travel is limited by rubber elements called the bump stops. As
contact is made with the upper arm of the suspension, the bump stop produces a rapidly
increasing stiffness with deflection, which prevents contact between the suspension and the
car body. There are two design approaches for the bump stop. The more conventional
design is to have a relatively short and stiff bump stop. This design is targeted for
infrequent contact with the upper arm, only in the case of extreme events (such as worst
case accelerations for the suspension in Table 3.2). The other approach is to have a long
and compliant bump stop, designed to come into contact with the upper arm often. The
bump stop therefore acts as a secondary spring for large jounce. These kinds of bump

stops can be found in all-terrain vehicles.

In this case, no information was found on whether the type or the position of the bump
stop. It is therefore assumed that the bump stop position of the suspension corresponds
to the maximum jounce position Azgpe = 70 and that the bump stop application point
on the upper arm is the center of the upper arm. The suspension configuration at bump

stop is represented in Fig. 3.19

Bump stop

CCP

Figure 3.19: Suspension diagram in the case jounce is limited by a bump stop.

In the bump stop position, the wheel load F, is greater than the vertical wheel load
induced by the spring F., As the upper arm is in contact with the bump stop, it is
assumed that the bump stop and the suspension arms carry the excess of vertical wheel
force F., = F, - F,.

The computation of the suspension forces is separated in two steps. First, the sus-
pension is drawn in the bump stop configuration (here equivalent to maximum jounce)
considering the bump stop force is 0. Therefore, its associated wheel load F.: is computed
with the same methodology as in Section 3.3.1.2. In a second step, the spring force is
ignored and the bump stop force Fj4 is considered while the wheel load F, is acting on

the suspension. To compute the whole suspension forces, forces computed from the first
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step are added to the one of the second step. The free body diagram of the suspension

under the excess load F,, is pictured in Fig. 3.20.

CcP

Figure 3.20: Free body diagram of the suspension in the bump stop case.

It is clear from the free body diagram that in the case a lower arm is present, the
additional load F,, does not add any load on the leaf. If the lower arm is deleted, the
force Fp is acting directly on the leaf. As the arm is removed, the angle of application of
Fp is now unknown. However, as the assumption was made that the leaf is rigid under
axial tension/compression and that the knuckle is also rigid and rotates around the fixed
joint C (due to the bump stop blocking the upper arm), the force Fg must therefore be

purely axial. The new free body diagram associated to this case is pictured in Fig. 3.21.

CCP

Figure 3.21: Free body diagram of the suspension without the lower arm in the bump
stop case.

The force Fp yields

sin(a)  sin(%) sin(7y) sin(fc)

(3.61)

where 6 is computed using the intersection point G’ between the forces Fp and Fy,,

_1RG — ZC

90 =tan .
Yar —Yc

(3.62)
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3.3.1.5 Dynamic loading

Dynamic loads acting on suspension are mostly of a transient nature, which makes it
complex to model. For a preliminary design, they are often modeled as static loads using
dynamic load factors. Typical worst case load factors for suspension design are given in
Table 3.2.

Worst case acceleration

Load cases — .
Longitudinal Transverse Vertical
4 g at the wheel affected,
Front /rear pothole bump | 3 g at the wheel affected 0
1 g at other wheels
. . 3.5 g at wheel affected,
Bump during cornering 0 0

1 g at other wheels

. 4 g at front and rear
Lateral kerb strike 0 . 1 g at all wheels
wheels on side affected

) . 2 g at front wheels, 2 g at front wheels,
Panic braking 0
0.4 g at rear wheels 0.8 g at rear wheels

Table 3.2: Typical worst case accelerations for dynamic suspension loads [4].

3.3.2 2D kinematic model

To compute suspension forces, 2D models in the front and side views of the suspension
are required. The 3D suspension geometry is projected into the yz- and zz-planes (re-
spectively front and side views of the suspension), leading to the 2D suspension diagrams
in Fig. 3.22. For the sake of convenience, the suspension has been centered with respect

to the z-axis.

500 ‘ ‘ ‘ ‘ ‘ 500
400 | 400} .\‘/‘
5300, 1 5 300] ]
N 200 1 N 200+
100 | 100+
0 ‘ ‘ ‘ ‘ 0 : : :
300 400 500 600 700 800 200 100 0 -100
Y [mm] X [mm]
(a) Front view (b) Side view

Figure 3.22: Projected views of the 3D suspension geometry in the yz-plane (a) and
zz-plane (b).
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As it can be seen in Fig. 3.22a, the upper hinges and lower hinges are not aligned with
each other, which should not be the case when analysing a double-wishbone suspension in
2D. In this case, the suspension is actually tiled by an angle ( = -3.6° around the y-axis.
The 2D side and front views are obtained by rotation of the 3D suspension geometry
using Eq. (3.63).

cos(¢) 0 sin((¢)
A'=AxR({)=A 0 1 0 ; (3.63)

—-sin(¢) 0 cos(¢)

with A the matrix of coordinates of the 3D suspension and A’ the new coordinates. Side

and front views of the un-tilted suspension are pictured in Fig. 3.23

500 ‘ ‘ ‘ ‘ ‘ 500
400+ f 400 -\1/
= 3007 1 5 300] j
N 200} — 1 N 200¢
100} f 100l
0 ‘ ‘ ‘ ‘ ol | |
300 400 500 600 700 800 200 100 0 -100
Y [mm] X [mm]
(a) Front view (b) Side view

Figure 3.23: Projected views of the un-tilted 3D suspension geometry in the yz-plane
(a) and zz-plane (b).

A generic geometry of the front view Fig. 3.24a can be particularised to the current
suspension based on the results obtained in Fig. 3.23a and the side view Fig. 3.24b is
simplified to the requirements in the computation of the lateral force. Geometrical para-

meters of the schematics are gathered in Table 3.3.
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(a) Front view (b) Side view

Figure 3.24: Geometry of the 2D suspension model in the front (a) and side (b) view
planes.

Parameter Symbol Value in standard position [mm]
Position of hinge A (ya, za) (334, 252)
Position of revolute joint B (xB, YB, 2B) (32.6, 695, 216)
Position of revolute joint C (xe, Yo, zc) (52.3, 733, 401)
Position of hinge D (YD 2p) (466, 425)
Position of king-pin E (xg, YE, 2E) (42.7, 715, 313)
Position of wheel center WC (ywe, zwe) (778, 317)
Position of center contact patch | (yopc, zopc) (797, 0)
Length long arm [AB] Iy 363
Length knuckle arm [BC] ly 189
Length short arm [CD] I 268
Length king-pin axle [EWC] Iy 63
Radius of the wheel [WCCPC] ls 318
Length link [BE] (front plane) lg 99
Length link [BE] (side plane) l7 98
Length link [CE] Is 88

Table 3.3: Parameters for the 2D suspension schematics in the standard driving position.

Kinematics of this 2D suspension model are investigated to define the suspension
configuration along the wheel vertical displacement. The planar mechanical system of the
suspension is the one of the well-known four bar mechanism [40], as bars Iy, I and I5 can
be assumed as a single body since it is a rigid assembly. The fourth bar virtually linking

points A and D is a higher pair and is therefore not considered. The degrees of freedom
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(DOFSs) of the mechanisms are obtained using Griibler’s formula, which in 2D yields

F=3N->p, (3.64)

i=1
where F' is the number of DOFs, N the number of bodies, n; the number of joints and
p; the number of DOFs suppressed by joint number ¢. In this case, there are four bodies
and four joints that are all revolute joints which each suppresses two DOFs. Eq. (3.64)

becomes

4
F=3-3->2=9-8=1, (3.65)

i=1
which means that the mechanism can be described with only one coordinate, hence, the

vertical displacement of the wheel.

To derive the equations of motion, the free body diagram (FBD) of the mechanism is

created based on finite element coordinates.
D

Yo Zp

te  °
e

Figure 3.25: Free body diagram of the 2D suspension model in the front view.
Based on Fig. 3.25, there are 6 nodes leading to a total of 18 DOFs and therefore

as many active coordinates. Rigidity constraints, assembly constraints and boundary

conditions are expressed to reduce the size of the set of active coordinates.

49



1. Assembly constraints:

YB =Yp Yc =Y

(3.66)
ZB = Zp! zZo = 2o

2. Rigidity constraints:

O0,=0p=0; (3.68) Op =0cr =0y  (3.69) Oc =0p =105
3. Boundary conditions:

ya = 334mm (3.71) yp = 466mm

zZa = 252mm zp = 425mm

With the defined constraints, rigidity conditions for each links are expressed:

yp =ya +licos(6;)

15 link:
zp = 24 + [1sin(6;)
=yg + lpcos(0
284 Jink: v =y + lacos(f)
2o = zp + lasin(6s)
=yp + lzcos(6
3 Jink: o = yp +lscos(f)

zo = zp + I3sin(63)

Injecting Eq. (3.73) into Eq. (3.74), it yields

Yo = ya + l1cos(01) + lacos(6s)

20 = za + 11sin(6y) + lasin(6y)

Injecting Eq. (3.76) into Eq. (3.75), the equations of motion are obtained:

ya +l1cos(0y) + lacos(0s) = yp + 3cos(63)

zZA+ llsin(el) + lQSiH(QQ) =Zp + lgsin(ﬁg)

(3.67)

(3.70)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

As expected from Grubler’s formula, the kinematics of the suspension are described in a

system of two equations for a total of three unknowns 6y, 6 and 63 hence, one single DOF'.

However, it is not convenient to describe the motion of the suspension as a function of ¢

rather than the vertical displacement of the wheel. Therefore, the angle 05 is expressed

as a function of the vertical displacement of the wheel zope using the geometry of the

king-pin axles and wheel assembly.
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Figure 3.26: Geometry of the king-pin axle and wheel assembly.

Based on Fig. 3.26, constraints are derived for the king-pin axle and wheel assembly.

First, the constraints on the links

=yp + l4cos(f
4 Jink: ywo =ye + licos(6) (3.78)

Zwce = Rg + l4SiIl(94)
= +1 0
5th Jipk: Yorc = ywe + l5cos(65) (3.79)
zZopc = Rwe + l5Si1’l(05)

=yp + lgcos (O
6 Tink: e = ys + lscos(fa) (3.80)

2p = zp + lgsin(6y)

Merging Eq. (3.78), Eq. (3.79), Eq. (3.80) and Eq. (3.73)

yopco = Ya + licos(0y) + lycos(0y) + I5cos(05) + lgcos(6s) (3.81)
ZoPC = RAt llsin(ﬁl) + l4SiIl(¢94) + l5SiIl((95) + lGSil’l(eg) .

Due to the rigidity of the king-pin axle and wheel assembly, angles v and 65 can be
expressed using 6

Op=—y=y-m+0
o i (3.82)
95294—§=’7—7r+92—%:§+02—37”

where 7 is the constant angle formed by link 4 and link 6. Using the initial configuration

of the suspension, 4 is computed:

5= +7—0=0.06+7-1.37 = 1.83rad (3.83)
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Injecting Eq. (3.82) in Eq. (3.81)
Yyope = ya +11cos(01) + lycos(7 — m + 05) + lscos(7y + 02 — 3;) + lgcos(6s) (3.84a)
zopo = za + lisin(0y) + lysin(y — 7w + 0) + Issin(y + 05 — 3?%) + lgsin(6y) (3.84b)

As zope is the preferred active coordinate of the system, its expression Eq. (3.84b) is
added to the set of motion equations Eq. (3.77).

ya + l1cos(6y) + lacos(02) = yp + l3cos(63) (3.85a)
ZA+ llsin(Ql) + lgSiH(gg) =Zp + lgSin(eg) (385b)
zope = 24 + l1sin(01) + lysin(y — w + 05) + lssin(y + 05 — 3;) + lgsin(6y) (3.85¢)

Leading to a new system with three equations and four unknowns, where the DOF is
defined as zgpe. Imposing the vertical displacement at the wheel zope, Eq. (3.85) could
be rewritten as a single equation of motion depending only on the angle 6,. However, this
leads to a very non-linear equation. Instead, the system is solved on MATLAB using the
fsolve() function [41] which, by default, utilises a trust-region dogleg algorithm based on
Powell’s dogleg method [42]. The configuration of the suspension along the vertical wheel
displacement is therefore computed by solving the system of equations Eq. (3.85). For

the maximum rebound and jounce position, the configurations are pictured in Fig. 3.27.

500 ‘ ‘ ‘ 500

400 1 1 400 ¢
300 300
E 200 E 200
N 100 N 100
0 0
100 \ 100

460 660 860 460 660 860
Y [mm] Y [mm]
(a) (b)

Figure 3.27: Computed configurations of the suspension in the minimum rebound (a)
and maximum jounce (b) positions using MATLAB (integration degrees 1 and 2a, leaf in
orange).

52



In the case the lower arm is suppressed, the rigid link AB is replaced by the leaf spring
(beam in bending) in the kinematic model, as pictured in Fig. 3.28. The position of the
lower joint B is now determined by the bending of the leaf only, which is now free since

the arm is suppressed.

CPC
Figure 3.28: Free body diagram of the 2D suspension model in the front view in the
case of a suppressed lower arm.

For the case where the leaf is represented using a cantilever beam (integration degree
2b), the position (yp, zp) can be expressed as the sole function of zp rather than using
6, by using Eq. (3.29).

. ( 30z . (3(2B—24)
sin(=5* sin(=27242)
yp=ya+ L ne— =L 3(z372zi) (3.86)
2L oL

Eq. (3.86) can be now inserted in the equations of motion, replacing the unknown 6; by

the unknown zp.

Y +lpcos(02) = yp + l3cos(63) (3.87a)
zZp + lQSin(QQ) =Zp + lgsin(é’g) (387b)
zope = zp + lysin(y — 7+ 0y) + lssin(7 + 05 — 3%) + lgsin(6s) (3.87¢)

The system of motion equations Eq. (3.87) is solved analogously to Eq. (3.85) using the
fsolve() function of MATLAB. Computed position of maximum jounce and minimum

rebound position are pictured in Fig. 3.29 to illustrate these results.
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Figure 3.29: Computed configurations of the suspension in the minimum rebound (a)
and maximum jounce (b) positions using MATLAB (integration degree 2b, leaf in orange).

As explained before, the case of the large deformation of the overhanging beam (in-

tegration degree 3) is not studied. The motion of joint B is therefore considered the same

as if the arm was still imposing the motion.
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Chapter 4
Preliminary leaf designs

With the established methodology in Chapter 3, a preliminary design is computed for
each integration degree of the leaf spring proposed in Table 3.1 based on their diagrams
illustrated in Fig. 3.2. The analysis is performed considering a simple leaf whose cross-
section is fixed along the whole length. The width b of the leaf will be fixed to 100mm
and the thickness will be constant. The laminate is also considered unidirectional in the
direction of the vertical load. These parameters are discussed in a second step of the
analysis (see Section 4.6). Therefore, equivalent structural properties are the same as the
material properties: E, = Eyi, E, = Ey and Ggy = G12. Preliminary designs are then

compared and possible improvements are defined based on the obtained results.

4.1 Coil spring integration

The analytical methodology is first applied to the case where the leaf replaces the coil

springs only, which is denoted integration degree 1 in Table 3.1.

4.1.1 Geometry of the leaf

For the computation of the vertical force in the contact patch, it is necessary to compute
the leaf spring rate K. To least alter the characteristics of the car, the choice is made
to keep the same standard (1g load) and unloaded (F, = 0N, not the minimum rebound
position due to the mass of the wheel) positions of the suspension. Based on Fig. 1.7,
the vertical displacement at the wheel contact patch corresponding to a ON load yields
Azopo = —99mm. For this configuration, the position of the lower joint is computed
solving the equations of motions Eq. (3.85) and writes 2z, = 115mm. Finally the vertical

displacement of the lower joint Azp is

Azp = z(F = 2859N) — z5(F = ON) = 216 — 115 = 101mm. (4.1)
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With this result and with the assumption that the leaf is deformed under pure bending,
the spring rate of the leaf is computed based on Eq. (3.52). It yields

Fy sin(tan‘l(%) —01) sin(§ +6,) sin(F +0s)

Azp sin(tan‘l(%) -6s)

K =

(4.2)

which is solved using the standard position of the suspension, leading to K = 28.2N/mm.
With the spring rate K, the cross section can be computed using the classical straight
beam theory applied to the cantilever beam, as formulated in Eq. (3.16). Therefore, the

spring rates writes

F 3B,

=— = 4.3
Az L3 (43)
For a rectangular cross section, the second moment of inertia I writes
bt?
I=— 4.4
i (14)

where b = 100mm is the width and ¢ is the thickness. Inserting Eq. (4.4) in Eq. (4.3), the
thickness of the leaf spring yields

120K i/12-36?9‘u28.2

_ _ 11 45
3E.b 3.39-10%-100 ™ (4.5)

With the curvature already computed in Section 3.2.2.1, the complete geometry of the

unloaded leaf is known and pictured in Fig. 4.1.

336 : 668 E 111 m

1340 —10—

(a) 2D Geometry (b) Cross section

Figure 4.1: Initial 2D geometry of the leaf spring for integration degree 1 (a) and its
cross section (b).

For this leaf design, the total mass of the leaf can be computed knowing that the

curved parts of the leaf have an angular span 6 = 46°:

417 2000

M =bt(2 =100-11-(2-468- :
bH(2R0 +1)p =100+ 11+ (2468 —== +668) - = 5

= 2.89kg, (4.6)

with [ the length between the curved parts (i.e. between the position of mount supports).
This total mass is almost half the mass of the original coil springs (2.7kg each [43]).

To verify that the Euler-Bernoulli beam theory is valid (i.e. the shear deformation
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can be neglected), the criterion expressed in Eq. (3.33) is verified.

3EI  3Ebt* 3-39-100- 113
K L2AG 12k L2btG,, 12-5/6-363%-100-11-3.7

=0.003 << 1. (4.7)

The criterion is therefore valid, meaning that the computation can be carried out with

the standard beam theory.

4.1.1.1 Modal analysis

As the road presents irregularities, the suspension will experience vibrations that usually
have a maximum frequency of 12Hz [29]. Tt is therefore necessary to check that the first
natural frequency of the leaf is superior to this value in the case of standard driving
conditions. For a cantilever beam, natural frequencies f,, can be approximated using the

empirical relation in Eq. (4.8).

a? El
_Yn 4.
Jn or \| pAL* 27TL2 V 12 (48)

where A is the cross section of the beam and «, is an empirical coefficient. First three

frequencies and associated values of the coefficient «, [29] are given in Table 4.1 while the

mode shapes are illustrated in Fig. 4.2.

n | Coefficient «,, | Natural frequency f,
1 1.875 31.8Hz
2 4.694 79.5Hz
3 7.885 133.5Hz

Table 4.1: First three natural frequencies of the leaf spring for integration degree 1.

Figure 4.2: First three mode shapes for a cantilever beam [44].

Estimated natural frequencies are all greater than 12Hz, which should ensure that the

leaf does not enter resonance due to the vibrations of the road.
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4.1.2 Kinematic analysis

The transverse leaf spring suspension is studied over its jounce/rebound behavior, with
no other loads applied. With the equations of motion Eq. (3.85), the different configur-
ation of the suspension are computed over the whole vertical wheel travel. This allows
to compute half-track and camber variation. These two results are compared with the

results obtained from the original suspension in Fig. 4.3a and Fig. 4.3b.

t= -Coil spring

t= -Coil spring

80 I 1 80 I 1
—Leaf spring —Leaf spring
60 r \ 1 60 r 1
) )
8] 8]
40t 5 40t 5
o o
) )
20 1 20 1
2 0 2 0
?1 20} 2 20|
ge) ge)
-40 ¢ S -40 ¢ S
/ o) o
60t / 3 - 60t 3 -
v o o
80+ v J § 80| J i
00 S ] -100 ]
-30 -20 -10 0 10 -2 0.5
AY [mm)]

Figure 4.3: Half-track (a) and camber (b) variation during jounce and rebound for
the leaf spring with integration degree 1, computed using the 2D MATLAB model and
compared with the results from the original suspension.

As it can be seen in Fig. 4.3, variation of the half-track and camber angle from the
2D model are similar to the ones from the original suspension with coil springs. This was
expected as, in this case, the leaf spring has no impact on the motion of the suspension
which is modeled to be the same as the original. The small differences however can be
imputed to the fact that the 3D suspension has been un-tilted by 3.6° to build the 2D
model. This rotation did not change the value of the half-track distance but the initial
camber angle is different. The negative camber angle in the 2D model is 3.3° while it was

2.5° for the initial suspension in 3D.
Using the suspension configurations with Eq. (3.52), the vertical wheel force is computed

along the wheel travel. Results for the leaf spring are compared with the ones from the

original suspension in Fig. 4.4.
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Figure 4.4: Vertical static loading in the contact patch center during jounce and rebound
for the leaf spring integration degree 1, computed using the 2D MATLAB model and
compared with the results from the original suspension.

The maximum force in the contact patch for this design is 4603N in jounce while the
minimum force is -151N in rebound (due to the mass of the wheel). As it can be observed
in Fig. 4.4, the vertical force in the contact patch Fz is much more linear along the wheel

stroke compared to the original design.

To compute stresses along the leaf, the bending force acting on the leaf is computed
along the wheel stroke (Fig. 4.5a). As the laminate is considered unidirectional, the
maximum bending stress 0,,,, can be computed using the classical beam theory. The

bending stress occurring at the vertical position z from the neutral axis writes

z M(y) 2312F(L—y)

2 I 2 b3 (4.9)

o(y) =

where M (y) is the moment along the beam’s axis. The maximum stress is found at the
extreme fibers of the leaf at the clamped support. Eq. (4.9) is particularised to find the

maximum bending stress and writes

t 12FL
= 4.1

The maximum bending stress along the wheel stroke is pictured in Fig. 4.5b.
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Figure 4.5: Vertical static loading acting on the leaf (a) and maximum bending stress
(b) during jounce and rebound for the leaf spring with integration degree 1, computed
using the 2D model MATLAB.

As it can be seen in Fig. 4.5b, the maximum bending stress occurs at full jounce and
is 861MPa. To verify if failure occurs, Tsal-Wu criterion Eq. (3.38) is computed for the

maximum bending stress:

2
T

1 1
2— —_—— —
F10'1+F110'1—(0_T O'C O-$+O.TO.C
1 1 171

11 8612
- )86l —  —051<L. 411
(1082 620) " 1082620 < (4.11)

The failure criterion is therefore satisfied, which means that the design is safe. The

associated safety factor yields R = 1.26.

For the maximum jounce position of the suspension, the stresses along the beam are

computed using Eq. (4.9). Results are pictured in Fig. 4.6
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Figure 4.6: Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension.

4.1.3 Dynamic loading

As mentioned in Section 3.3.1.5, worst case loads are assessed using a static load with
dynamic load factors present in Table 3.2. For this suspension design, most typical worst

case scenarios are trivial or have no impact on the leaf.

For the rear pothole bump, longitudinal loading is ignored since the arms are considered
rigid. Also, due to the leaf being clamped, the rear axle is fully independent. This means
that a different load acting on one of the wheels will have no impact on the other wheel.
The 4g load acting on one of the wheels will simply correspond to the bump stop position,
which gives a vertical force due to the leaf spring Fz = 4603. The excess force F,, is

computed and yields

Fop = Fy — Fy =4 %2859 - 4603 = 6833N. (4.12)

This excess force is entirely taken by the lower arm and the bump stop, as demonstrated
in Section 3.3.1.4. Finally, the configuration of the suspension is simply one of the wheel
in the 1g position and the other one at full jounce, or in terms of vertical displacement of

the wheel zope = Omm and zope = T0mm respectively.

For the bump during cornering, the solution is the same as for the pothole bump.

Position of the wheels are the same but the excess force is smaller
F..=F;-Fz =3.5%2859-4603 = 5403N. (4.13)

For panic braking, longitudinal loads are also ignored due to the rigid arms. The
position of the wheels is directly found by looking at Fig. 4.4. A vertical force of 0.8g =

2287N corresponds to a vertical wheel displacement zopc » —22.4mm.
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The only non-trivial worst case acceleration is the one of the lateral kerb strike, which

is pictured in Fig. 4.7.

4g ccp

Figure 4.7: Loading case for the lateral kerb strike.

In this case, the position of the wheel is found by solving Eq. (3.59). To do so, the
spring force Fg e+ due to the kerb impact resulting force Fp = \/ 28592 + (4 -2859)2N is

computed. Then, the position of the suspension corresponds to the one where Fg e =

KAzg. In this case, the load applied on the spring is Fg e+ = 1276N, corresponding to
a wheel displacement of -59.8mm. This means that, due to the lateral kerb strike, the

wheel impacted experiences a rebound of approximately 60mm.

4.2 Coil spring and anti-roll bar integration

The analytical methodology is applied to the case where the leaf integrates the coil

springs and anti-roll bar, which is denoted integration degree 2a in Table 3.1.

4.2.1 Leaf spring model

The leaf spring rate K is the same as for the coil spring integration, as the motion
of the suspension is defined by the arms and not the leaf. With the value of the spring
rate, cross section is computed using the classical straight beam theory applied to the

overhanging beam, as formulated in Eq. (3.21).

F 6E1 E,bt3

- - 4.14
Az 23+3c 2(2¢ +3c21) (4.14)
From there, thickness writes
2K (263 + 3¢21) i/2 128.2-(2-363% + 33632 - 668)
t = 3 = = 173 . 415
\/ E,b 39103 100 — (4.15)

With the curvature already computed in Section 3.2.2.1, the complete geometry of the

unloaded leaf is known and pictured in Fig. 4.8.
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Figure 4.8: Initial 2D geometry of the leaf spring for integration degree 1 (a) and its
cross section (b).

For this leaf design, the total mass of the leaf can be computed knowing that the
curved parts of the leaf have an angular span of 26 = 2 x 31:

1- 2
M = R(20)Ap = 1300 -2 - 317(; -17.3-100 - 1000 = 4.87kg. (4.16)

09

For the original suspension, the mass of the two springs is 5.6kg and the anti-roll bar can
be estimated to have a mass of 1kg [45]. The integration of the leaf therefore represents

a 27% mass saving on the rear axle (considering that an anti-roll bar is necessary).

To verify that the Euler-Bernoulli beam theory is valid (i.e. the shear deformation can

be neglected), the criterion expressed in Eq. (3.33) is verified.

3EI 3B bt* 3-39-100-17.33
K L2PAG ~ 12k'L2btG,, 12-5/6-363%-100-17.3-3.7

= 0.007 << 1. (4.17)

The criterion is verified, meaning that the computation can be carried out with the

standard beam theory.

4.2.2 Modal analysis

For the overhanging beam model subjected to loads on its free ends, no model estimating
the first natural frequencies of the beam has been found. Therefore, modal analysis cannot
be done analytically and will be performed based on the finite element model of the beam

in Section 5.3.

4.2.3 Kinematic analysis

In this case, the suspension is modeled as for the previous case. Therefore, half-track
variation (Fig. 4.3a), camber variation (Fig. 4.3b) and vertical force (Fig. 4.4) give the

same results as for the integration of the coil spring.

Nonetheless, since the beam model is different, stresses along the leaf will be different.

Using the bending force on the leaf in Fig. 4.5a, the bending stress o(y) of the unidirec-
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tional laminate leaf spring is computed using classic straight beam theory. For a fiber

located at a vertical distance z from the neutral axis, it yields

2 12F(5 - ly) T
a(y) = EM: 2 3 for y € [—57——] and [— _]
2 1 z12F¢ [ l l]
——— forye|-=;=

272

\)

(4.18)

The maximum stress is found at the extreme fibers of the leaf at and in-between the

supports. Eq. (4.18) is particularised to find the maximum bending stress and writes

t12Fc¢
Omar = = 7,2 -
2 bt3

(4.19)

The maximum bending stress along the wheel stroke is pictured in Fig. 4.9.
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Figure 4.9: Maximum bending stress during jounce and rebound for the leaf spring with
integration degree 2a, computed using the 2D model in MATLAB.

As it can be seen in Fig. 4.9, the maximum bending stress occurs at full jounce and is
348MPa. Failure is assessed using T'sal-Wu criterion Eq. (3.38) for the maximum bending

stress:

1 1 o?
Fio+Fhot=|—-— |0, + =2~
( )

_( 1 1) L, s
- \1082 620 1082 - 620

The failure criterion is therefore satisfied, which means that the design is safe. The

= 0.059 < 1. (4.20)

associated safety factor yields R = 3.11.

For the maximum jounce position of the suspension, the stresses along the beam are

computed using Eq. (4.18). Results are pictured in Fig. 4.10
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Figure 4.10: Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension, integration case 2a.

4.2.4 Roll stiffness

In the case the leaf integrates the anti-roll bar, an equivalent roll stiffness Ky of the
axle can be computed due to the mounts of the leaf allowing a transfer of moment. This
value can easily be computed using an equivalent suspension model of a rigid axle with
two springs of equal stiffness Kg as shown in Fig. 4.11. Please note that the length L is

chosen as the distance between the leaf eyes in the standard position.

W Mid-plane containing
roll center (o ;

s
=K,

L

Figure 4.11: Equivalent suspension model .

Using the formula for the deflection of the leaf spring Eq. (3.17), the total deflection of

the spring is obtained by summing the contribution of both loads W on one of the ends.
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For the left end of the leaf, this yields

Ae =T oy Ty 2 IV a4 2y (4.21)
3ET 6EI 6ET ' '
from +W from -W
Therefore, the stiffness of the equivalent springs writes
El
o=V _ O (4.22)

Az 23 +12
and the roll stiffness can be computed using the geometry of the equivalent axle

,_1 GBI,
22¢3 +1c?

K,=-Ks (4.23)

1
2
With the current geometry of the leaf spring, this leads to a roll stiffness Ky = 936Nm/deg
for the rear axle. Compared to standard roll stiffness of rear axles in production cars, this
value has a good order of magnitude but is quite superior as the expected value, as most
rear axles have a roll stiffness that lies in between 400Nm/deg and 600Nm/deg [11].

As it can be seen in Eq. (4.23), the roll stiffness explicitly depends on the distance
between the mounts . Using the relation ¢ = (L -1)/2, Eq. (4.23) can be written as a

function of [ only

1 6ET 2. 12E7T
¢ 22(E03 4w (BT (L-1)3+1(L-1)?

L2, (4.24)

From Eq. (4.24), it is clear that increasing the distance between the mounts allows an
increase in the roll stiffness. However, changing the distance between the leaf mounts will
have an impact on the leaf spring rate K, as it also depends on [. To keep the same spring

rate K, E'1 is also expressed as a function of [

6EI S C O Co)

"Gy 3G 6 429

Eq. (4.25) shows that for an increasing distance between mounts [, E1 decreases. Hence,
since the width is fixed, the thickness of the leaf ¢ decreases with increasing [.
With Eq. (4.25), Eq. (4.24) becomes,

_2K(2(51)P +3(5))
Y (L-1)B3+1(L-1)

L2 (4.26)

The change of roll stiffness with the length between the leaf mounts and the associated

change in leaf thickness are graphically represented in Fig. 4.13 and Fig. 4.12 respectively.
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Figure 4.12: Variation of the leaf thickness as a function of the length between the leaf
mounts.
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Figure 4.13: Variation of the equivalent roll stiffness as a function of the length between
the leaf mounts.

As expected, Fig. 4.13 shows that the equivalent roll stiffness of the axle grows by
increasing the distance between the supports. In fact, changing the length between the
supports of the leaf is one of the most common procedures to tune the anti-roll effect [13].
Another way to tune the anti-roll effect is to change the width and thickness of the center
part (between mounts) of the leaf. This second method cannot be evaluated analytically

as the assumption is done that the leaf has a constant cross section.

4.2.5 Dynamic loading

In this case, most worst case scenarios in Table 3.2 can be evaluated. As for the
integration of the spring, longitudinal loads are ignored since they are taken up by the
rigid suspension arms. Therefore, the configuration for the suspension for panic braking
is trivially found, as it corresponds to a vertical load of 0.8g. For this load, Fig. 4.4 gives

a vertical wheel stroke of -22.4mm from the standard position.
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With the longitudinal load not having effects on the leaf, rear pothole bump and bump
during cornering can be solved with the same methodology. They will also lead to the
same results, as the affected wheel will be in bump stop (or maximum jounce) position
with the excess force being entirely carried over by the lower arm and the bump stop

spring element. Both cases are pictured in Fig. 4.14.

L R Bump stop
Cc

3.5g/4g

f\M 7,

Figure 4.14: Loading case for the pothole/cornering bump (integration of the ARB).

To solve this statics problem, the principle of superposition is used. The loading of the
beam model is therefore separated in two parts: a first part corresponding to the standard
driving conditions (Fig. 4.15a) and a second part corresponding to the additional vertical
force on the spring due to the bump (Fig. 4.15b). Note that for the computations and
the schematics, right wheel will correspond to the wheel affected by the bump and will
be denoted R whilst left wheel will be denoted L.

X

(a) Standard position

|
I
i
i
A
zl = 4 ZR

(b) Deformation due to bump

Figure 4.15: Separation of the loading cases for the pothole/cornering bum (ARB in-
tegration). (a) standard position and loads from for the leaf. (b) deformation due to the
supplementary vertical force due to the bump.
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First, the position of zg due to the 1g load in Fig. 4.15a is determined using the initial
configuration of the suspension. It yields, for both wheels under 1g vertical loading in the
contact patch, zg = 217mm. Using the configuration of the suspension at bump stop, the

additional vertical displacement made by the right end of the leaf Azg is assessed:

Azp = zg(bump) — zp(1g) = 285 — 217 = 68mm. (4.27)

With the vertical right displacement known, the additional force acting on right side of
the leaf is determined using Eq. (3.18).
3AzgrEl  3-68-39-10%-100-17.33

Fspump = = = 2527N. 4.28
Sbump = (1 1) T 12-3632- (363 + 663) (4.28)

Using Eq. (3.17), the induced displacement of the left side Az, of the leaf due to the load

on the right side Fg pymp writes

Fspumpc®l 2527 -363% - 668 - 12
AZL = =
6E1 6-39-103-100-17.33

= 22mm. (4.29)

This 22mm displacement of the leaf end corresponds to a 23mm vertical displacement of
the wheel. Finally, for both pothole and cornering bumps, the configuration of the rear
axle is a vertical displacement of 70mm for the wheel affected by the bump and a 23mm

vertical displacement for the other wheel.

For the lateral kerb strike case, a similar approach can be used to compute the suspen-

sion configuration.

Figure 4.16: Loading case for the lateral kerb impact bump (ARB integration).

The position of the wheel is found by solving Eq. (3.59) combined with the beam
model which yields at the impacted wheel

SET

TPt (4.30)

FS,vert = A'ZR
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Solving Eq. (3.59) iteratively, the displacement corresponding to the lateral kerb is zopc =

—-53.4mm. The displacement on the other wheel writes

F, S ,UertCQZ

A =
LT TGE]

= -12mm. (4.31)

4.3 Coil spring and lower arm integration

The analytical methodology is applied to the case where the leaf integrates the coil

springs and lower suspension arm, which is denoted integration degree 2b in Table 3.1.

4.3.1 Geometry of the leaf

With the integration of the arm by the leaf, a new spring rate K has to be computed
based on the new motion of the suspension. As for previous designs, the choice is made to
keep the same standard and unloaded positions from the original coil spring suspension.
Based on the configurations computed using Eq. (3.87), the vertical displacement between

unloaded and standard positions writes

Azp = 2(F = 2859N) - 25(F = ON) = 216 — 102 = 114mm. (4.32)

Combined with Eq. (3.54) and the pure bending assumption, the spring rate of the leaf

writes )
. -1/ 2B-z¢ (T
K- Fy sm(t.an (y_BITZG)_)Z sin(% +603) (433)
Azp  sin(tan™ (2=5) - 63)

Solving Eq. (4.33) with F; = 2859N, this gives K = 26.68N/mm.
With the value of the spring rate, cross section of the leaf is computed by using straight

beam theory, similarly to Section 4.1.1. The thickness of the leaf yields

[2I°K 4 [12-363%-26.68
t: 3 = = 11 . 434
\V 3E,0 \/3-39-103~100 — (4.34)

Computing the constant curvature with Eq. (3.11), the complete geometry of the

unloaded leaf is known and pictured in Fig. 4.17.

105
l

337 ’ 668
1340

(a) 2D Geometry (b) Cross section

\
1§

Figure 4.17: Initial 2D geometry of the leaf spring for integration degree 2b (a) and its
cross section (b).

70



The total mass of the leaf is computed using the geometry.

2000
M =bH(2L +1)p =100+ 11+ (2-363 + 668) - - - = 3.07kg (4.35)

For the original suspension, the mass of the two springs is 5.6kg and the lower arms (left
and right wheels) can be estimated to have a mass of 4kg each. The integration of the
leaf therefore represents a 78% mass saving on the rear axle.

Analogously to the other designs, the criterion validating the use of the Euler-Bernoulli

straight beam theory in Eq. (3.33) writes

3EI  3Ebt* 3-39-100-10.53
K L2AG 12k L2btG,, 12-5/6-363%-100-11-3.7

=0.003 << 1, (4.36)

ensuring that shear deformation can be neglected.

4.3.2 Modal analysis

The computation of the first natural frequencies is performed analogously as for the
integration of the coil spring in Section 4.1. Using Eq. (4.8), the first three natural

frequencies of the leaf are computed and gathered in Table 4.2.

n | Coefficient o, | Natural frequency f,
1 1.875 31.8Hz
2 4.694 79.5Hz
3 7.885 133.5Hz

Table 4.2: First three natural frequencies of the leaf spring for integration degree 2b.

The leaf should not enter in resonance while driving, as the first natural frequencies

are all greater than the 12Hz produced by the road irregularities.

4.3.3 Kinematic analysis

The transverse leaf spring suspension is first studied over its wheel stroke using Eq. (3.87).
With the computed configurations of the suspension, half-track and camber variation are

computed and are drawn in Fig. 4.18.
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Figure 4.18: Half-track (a) and camber (b) variation during jounce and rebound for
the leaf spring with integration degree 2b, computed using the 2D MATLAB model and
compared with the results from the original suspension.
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Figure 4.19: Vertical static loading in the contact patch center during jounce and
rebound for the leaf spring integration degree 2b, computed using the 2D MATLAB model
and compared with the results from the original suspension.

As shown in Fig. 4.18a, half-track variation for the leaf spring integrating the coil
spring and the lower arm is similar to the one of the original suspension, with a small
overshoot of maximum lmm in the minimum rebound position. The camber variation in
Fig. 4.18b however is a bit different. In rebound, the new suspension design is gaining
more positive camber before rapidly gaining more negative camber compared to the initial

design. In jounce, the gain of negative camber is close to the one of the original design.
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The initial camber value is the same as for the initial suspension in 2D, which was expected
since the initial configuration of the new design is based on the configuration of the initial

design.

For the vertical wheel force in the contact patch, results from the new suspension are
similar to the original suspension design, as shown in Fig. 4.19. The maximum force in

the contact patch is 3953N, which is 35N more than the original design.

As the lower arm is suppressed, the lateral force is not withheld by the arm anymore.
To verify the assumption that was made to neglect the deformation caused by this lateral
force, the lateral force acting on the leaf is computed along the wheel stroke and plotted
in Fig. 4.20a.
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Figure 4.20: Lateral static loading acting on the leaf (a) and maximum axial stress (b)
during jounce and rebound for the leaf spring with integration degree 2b, computed using
the 2D MATLAB model.

The maximum lateral force acting on the leaf yields Fju mar = 2300N at the maximum
jounce position. Using straight beam theory, the maximum axial deformation 6,,,, can
be evaluated using Eq. (4.37).

Eat,ma:c-[/ 2300 . 363

5max = =
E, A 39-103-100-11

=0.02mm (4.37)
The maximum axial deformation is negligible and the previously made assumption that

the leaf is subjected to pure bending can be considered valid. Using Fig. 4.20a, the

maximum axial stress o, mq. (in the material axes) is computed along the wheel stroke
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using Eq. (4.38).
Eat Eat

x,max — = 4.38
e, A u (4.38)

The maximum axial stress along the wheel stroke is pictured in Fig. 4.20b and its maximal

value at the maximum jounce is 0 4 = 2.3MPa. Overall, the axial stress is very small

and can be neglected when computing the failure criterion.

Maximum bending stress along jounce and rebound in Fig. 4.21b is computed using
Eq. (4.10) with the vertical force acting on the leaf in Fig. 4.21a.
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Figure 4.21: Vertical static loading acting on the leaf (a) and maximum bending stress
(b) during jounce and rebound for the leaf spring with integration degree 2b, computed
using the 2D MATLAB model.

Fig. 4.21b shows that the maximum bending stress acting on the leaf is 899MPa in
the full jounce position. Failure is assessed using the Tsal-Wu criterion, which writes with

the axial stress neglected

11 2
F10'1 + F110'1 = (O'_T — O_—C)O'm + O'TO'C
1 1 171
1 1 8992
=l—— - —1899+ —=0.59< 1. 4.39
( 1082 620) 1082 - 620 ( )

The failure criterion is therefore satisfied, which means that the design is safe. The

associated safety factor yields R = 1.20.

For the maximum jounce position of the suspension, the stresses along the beam are

computed using Eq. (4.9). Results are pictured in Fig. 4.22.

74



0 200 400 600 800 1000 1200
Y [mm]

Figure 4.22: Maximum bending stress along the leaf spring in the case of maximum
jounce of the suspension (integration degree 2b).

4.3.4 Dynamic loading

Rear pothole bump induces a longitudinal force that, now that the lower arm is removed,
will impose a transverse deformation on the leaf spring. This deformation is studied
independently from the lateral and vertical loads in the side view plane as shown in
Fig. 4.23.

Figure 4.23: Longitudinal load from rear pothole bump on the wheel affected (integra-
tion degree 2b).

The force acting on the center of the wheel due to the 4g longitudinal load acting in
the wheel contact patch is reacted on both points C and B trough reaction forces R, p
and R, c. The latter reaction force is not of interest, as the rigid upper arm withstand
the reaction force, whilst the first is the one acting on the leaf spring. Using the geometry
of the knuckle, the reaction force on the leaf R, p yields

CFE 88

R,p=F,—— =4-2859— = 5382N. 4.40
B CB 187 (4.40)

Using CLPT, the longitudinal deflection ¢, of the beam is evaluated. First, the stiffness
matrix Q(0°) is computed.

m Epe M Vyy By 0 39637 2277 0
Q(0°) = (m vy E,y  m Ey, 0 |=]2277 8131 0 |[MPa] (4.41)
0 0 Gy 0 0 3700
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The membrane strains in the structural axes writes

€z N, 0 0
=le [=AT|N, |=[QO)]| 0 [=| 0 (4.42)
Eay Ny, Ber | 10.0014

Finally, the longitudinal deflection yields 6, = be,, = 0.14mm. The stress associated to

the longitudinal force is expressed with the strains in the material axes.

Oy 1 00 0
oy, | =€12Q(0°) = [0 1 0]e12Q(0°)=| 0 [MPa. (4.43)
Oy 0 01 5.12

For the vertical loading due to the bump, the wheel affected is at the bump position
(Azope = +70mm). With the suppression of the lower arm, the excess vertical force F,
is no longer withheld by the arm but rather by the leaf. As shown in Fig. 3.21 from

Section 3.3.1.4, the excess force will induce a lateral force on the arm Fp which writes

sin(ﬂ - 90)
Fp=F,—2—= 4.44
b sin(0c) (444)
with 0 = tan‘lzg%. Using Fig. 4.19, the excess force is computed.
F..=F,-F,=4-2859 - 3953 = T483N. (4.45)

Using the geometry of the suspension in bump, the lateral excess force is Fg = 2531N. This
lateral force can be added to the lateral force computed in Fig. 4.20a in the maximum

jounce position, Fia¢mae = 2402N. The axial deformation in bump 9, therefore yields

_ EatL _ (FB + Eat,maw)L

Oy = = =0.04 . 4.46
YT TEA E, bt T (4.46)
The maximum axial stress writes
Eat (FB + ﬂat ma:c)
lat = = . =4.48MP 4.47
Oz,lat A bt a ( )

With the axial stress computed from the bending of the leaf in the full jounce position

Oz.maz = 899MPa, failure criterion can be verified for the pothole bump loading case.

2 2 1 1 & o3
F10'1+F60'6+F110'1 +F660'6: T~ ¢ U$+T—C+_2
01 91 0101 Tig

(899 +4.48)%  5.122
)+ +
1082 - 620 892

11
_ (_ - _) (899 +4.48 = 0.60<1. (4.48)

1082 620
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The criterion is therefore verified, ensuring the leaf does not break under the load.
For the bump during cornering, the position of the suspension is simply found at the
bump stop position. As for previous case, a lateral force rises due to the excess vertical

load in the contact patch. This excess force writes

Fop=F, - F, =3.5-2859 — 4130 = 5876N. (4.49)

Using Eq. (4.44), the lateral force acting on the leaf is Fig = 2457N. As this force is lower
than for the pothole bump case, we can ensure that the axial deformation of the leaf is

negligible and that the failure criterion indicates that the design is safe.

For the lateral kerb strike, the position of the wheel is found by solving Eq. (3.60). To
do so, the spring force F ..+ due to the kerb impact resulting force F is computed with
Fgr= \/28592 +(4-2859)2 = 11788N. Then, the position of the suspension corresponds to
the one where Fj ey = K Azp. In this case, the load applied on the spring is F yere = 955N,

which corresponds to a wheel displacement of -65.8mm and a stress of 189MPa. The lateral
force acting on the leaf writes Figq; = 11770N, which yields
_ FsjuL

by = =25 = 0.10mm. (4.50)

The maximum axial stress therefore writes

Fsa
Oatat = Zl L = 10.7MPa (4.51)

The lateral deformation and the stress caused by the lateral kerb strike are negligible, so

that one can assume the failure criterion is satisfied.

For panic braking, the vertical position of the wheels is trivially given by Fig. 4.19 for

a vertical force F; = 0.8-2859 = 2287N: AZcpc = —16.5mm. The deformation due to the

longitudinal load must be computed differently from the rear pothole bump as, in this

case, the longitudinal load comes from a braking force (outboard brakes). The lateral
load is studied in the side view plane shown in Fig. 3.13.
CER 88 318

Fp,=Fx——-°=04-2859—— = 1729N. 4.52

Be = "X BE I 99 187 (4.52)

Using CLPT as in Eq. (4.42) and Eq. (4.43), the longitudinal deflection is ¢, = 0.04mm

and the maximum shear stress in the laminate plies is o,, = 1.57MPa.
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4.4 Complete integration

As explained in Section 3.2.2.2; the large deformation of the overhanging beam is not
formulated analytically. It was therefore decided to consider that, for a preliminary design
phase, it was acceptable to consider that the motion of the joint B is the same as if the
arm was still present. Following this assumption, the leaf has therefore the same geometry

as the one found for the integration degree 2a in Section 4.2.1.

4.4.1 Kinematic analysis

Kinematic analysis is also the same due to the assumption, even though for the 'real’
leaf it should be different. However in this case, the lateral force acting on the leaf can

be evaluated analogously to Section 4.3.3.
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Figure 4.24: Lateral static loading acting on the leaf (a) and maximum axial stress (b)
during jounce and rebound for the leaf spring with integration degree 3, computed using
the 2D MATLAB model.

Fig. 4.24a shows that the maximum lateral force on the free end of the leaf is Fj,; =
2533N when the suspension is in the maximum jounce position. Using beam theory, the

maximum axial deformation yields

Flatmaz L 2533 - 363

5ma:p = =
E A 39-10%-100-17.3

=0.014mm (4.53)
The maximum axial deformation is negligible and the previously made assumption that

the leaf is subjected to pure bending can be considered valid. Using Fig. 4.24a, the

maximum axial stress o, mq (in the material axes) is computed along the wheel stroke
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using Eq. (4.38) and is pictured in Fig. 4.24b. Its maximal value at the maximum jounce
1S 0y max = 1.46MPa. Overall, the axial stress is very small and can be neglected when

computing the failure criterion.

4.4.2 Dynamic loading

As the lower arm is suppressed, one can assess the deformation due to the lateral
and longitudinal load acting on the leaf. However, as it was observed for integration
degree 2b in Section 4.3, those loads are very small and lead to negligible change in
longitudinal /lateral motion and in the stresses. Results from the different worst case
loading scenarios in Table 3.2 can therefore be assumed the same as for integration degree
2a of the leaf in Section 4.2.5.

4.5 Comparison of the designs

Preliminary designs are compared based on their computed kinematic curves, which
are the camber variation curves in Fig. 4.25, half-track variation curves in Fig. 4.26 and
static vertical force in the contact patch in Fig. 4.27. Results from the integration degree
3 are ignored since the 'real” behavior of the suspension could not be assessed in this case.

A last comparison is made based on the mass that is saved by the design in Table 4.3.
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Figure 4.25: Comparison of the camber variation curves for the preliminary designs
based on their integration degree with reference solution from the original suspension
design.

Fig. 4.25 highlights the fact that the suppression of the lower arm has an impact on the
camber variation. In jounce, the suppression of the arm has few impact on the camber
gain. A more important positive camber gain is observed at the start of the rebound

phase that becomes a huge negative camber gain in the latter phase of the rebound. This
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may be explained by the fact that the leaf in large deformation first experiences small
lateral deflection that is increased as the vertical deflection grows, as it can be deduced

from Eq. (3.28).
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Figure 4.26: Comparison of the half-track variation curves for the preliminary designs
based on their integration degree with reference solution from the original suspension
design.

Fig. 4.26 shows that half-track variation is not affected by the suppression of the lower
arm. The small difference compared with the reference coil spring suspension is explained
by the rotation that was applied on the 3D model to derive the 2D model on which results

for the leaf springs are based.
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Figure 4.27: Comparison of vertical contact patch force curves for the preliminary
designs based on their integration degree with reference solution from the original sus-
pension design.

Fig. 4.27 shows that in rebound, suspension forces are similar whether a coil or a
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transverse leaf spring is used. In jounce, the transverse leaf spring gives a more linear
evolution of the vertical contact patch force. This means that the transverse leaf spring
suspension gives a better road holding in jounce, hence reducing the comfort [11]. On the
other hand, the more linear vertical loading has also a positive impact on the vibratory
comfort. The most convenient value for the first natural frequency of the sprung mass
should be close to 1Hz, which is optimal for a human body in the driving seat [11].
Therefore, the suspension should ideally become stiffer as the payload is increased. This
is not the case for the original suspension as the vertical force decreases when the payload is
increased. This effect is reduced for the transverse leaf spring suspension, as the payload is
quasi-proportional with the suspension travel, and should therefore have a smaller natural
frequency. When the lower arm is suppressed (integration degree 2b), the ’linearity’ of
the evolution of the vertical force is reduced. This behavior can be explained by the fact
that, in jounce, the lower arm has a low angle #; which means that the force transmitted
by the leaf spring is purely vertical. In the case the lower arm is suppressed, a lateral

force is added due to the geometry of the suspension.

Component ‘ Mass [kg]  Quantity [-] ‘

Coil spring 2.8 2

Anti-roll bar 1

Lower arm 4 2
Total mass ‘ 14.6kg

(a) SLA Coil springs (reference)

Component ‘ Mass [kg] Quantity [-] ‘ ’ Component ‘ Mass [kg]  Quantity [-] ‘
Leaf spring 2.9 1 Leaf spring 4.9 1
Anti-roll bar 1 Anti-roll bar 0
Lower arm 4 2 Lower arm 4 2
Total mass 11.9kg Total mass 12.9kg
Saved mass -18.5% Saved mass -12%

(b) SLA Leaf spring 1 (c) SLA Leaf spring 2a
Component ‘ Mass [kg] Quantity [-] ‘ ’ Component ‘ Mass [kg] Quantity [-] ‘
Leaf spring 3.1 1 Leaf spring 4.9 1
Anti-roll bar 1 Anti-roll bar 0
Lower arm 4 0 Lower arm 4 0

Total mass 4.1kg Total mass 4.9kg
Saved mass -72% Saved mass -67%

(d) SLA Leaf spring 2b (e) SLA Leaf spring 3

Table 4.3: Comparison of the mass accounting for suspension members in the case of
the reference suspension and the different preliminary leaf designs.
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As highlighted in Table 4.3, the integration of the leaf spring reduces the mass on the
axle. However, it is observed that the integration of the anti-roll bar in the leaf spring

leads to a diminution of the saved mass. This is discussed in the next section.

4.6 Improvements on the preliminary leaf design

In this section, possible ameliorations of the preliminary leaf designs are motivated and

discussed based on the results obtained from the preliminary designs.

4.6.1 Shape optimisation

The width of the leaf has been defined and remains constant during the preliminary
design of the leafs. However, changing the width (resp. thickness) has significant impact
on the properties of the leaf. To illustrate these changes in properties, impact of the value
of the width is assessed in the case of the leaf with integration degree 1. Computations

are gathered in Fig. 4.28.

1800

—_

(o))

(=3

S
T

1400 |

1200 |

1000 |

Leaf thickness [mm)]

Cross sectional area [mm?]

800 1

' ' 600 ' '
50 100 150 200 50 100 150 200

Leaf width [mm] Leaf width [mm]

(a) (b)

1100

1000

900 [

800

700 1

Maximum bending stress [MPa]

600 ' !
50 100 150 200

Leaf width [mm]
(c)

Figure 4.28: Effects of the variation of the leaf width on the thickness (a), cross sectional
area (b) and maximum bending stress (c) for the leaf with integration degree 1.
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As observed in Fig. 4.28a, the thickness of the leaf decreases when the width of the
leaf increases. This is due to the stiffness ratio of the leaf, which is constant and therefore
leads to I = % = cst. Due to this relation, the cross section of the leaf increases when the
width is increased, as pictured in Fig. 4.28b. Fig. 4.28c shows that a wider leaf leads to

a decrease in the bending stress of the leaf.

Based on these results, a preliminary optimisation of the leaf shape can be deduced. As
observed in Fig. 4.6, the maximum bending stress acting on the leaf occurs at the mounts
where the leaf is attached to the car body. Close to the eyes of the leaf, the stress is null.
Therefore, the idea would be to have a wider and thinner leaf close to the mounts and
thicker and narrower close to the eyes while keeping the same area moment of inertia.
This geometry would help homogenize and reduce stresses along the leaf and also reduce
the mass of the leaf with the reduction of the cross sectional area toward the eyes. This
shape is easy to manufacture using HP-RTM as previously discussed. Please note that

these observations are also valid for other integration degrees of the leaf springs.

4.6.2 Anti-Roll property

As previously discussed in Section 4.2.4, the equivalent roll stiffness of the transverse
leaf spring axle is too big compared to standard values for passenger cars (940Nm/deg
v.s. 400Nm/deg). As discussed in Section 4.2.4, changing the position of the mounts can
help tune the value of the equivalent roll stiffness. However, as shown by Fig. 4.13, the
value remains too big (680Nm/deg) for the leaf spring even though the distance between

the mounts is decreased to 300mm.

To further reduce the value of the equivalent roll stiffness, it is therefore necessary to
modify the thickness of the leaf in-between the mounts, as advised by Michael Lamm [13].
However, as the assumptions made for the analytical design method require a constant
cross section of the leaf, this behavior cannot be verified analytically. It is therefore
necessary to use numerical computations to find an optimal shape of the leaf part between

the mounts that will lead to the desired equivalent roll stiffness of the axle.
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Chapter 5
Numerical study

The main objective of this chapter is to validate the analytical models and associated
assumptions made in Chapter 3. To do so, static analysis is performed on numerical beam
models based on the preliminary designs found in Chapter 4. They are then compared

with static results from the analytical models.

5.1 Finite element modeling of the leaf

In order to perform finite element analysis of the leaf springs, it is necessary to build a
finite element model. To model laminate structures, three types of finite elements can be

used:
e Membrane finite elements (2D);
e (Mindlin) Shell elements (2D + thickness);
e Monolayer or multilayer solid elements (3D).

The most commonly used elements are the shells, which are less computationally expensive
than solid elements while still providing accurate solutions. However, the use of such
elements is limited by the Mindlin assumption, which assumes that the section remains
straight under deformation, as shown in Fig. 5.1b. Under deformation, the real behavior

of the composite leads to warping of its section, as shown in Fig. 5.1c.
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Figure 5.1: Kirchoff assumption (a), Mindlin assumption (b) and real behavior (c) of
the section of [36].

To use the Mindlin shells, criteria Eq. (5.1) must be verified beforehand [36].

E (h)?
G (L) 7 (5-1)
where h is the thickness and L is the total length of the plate. If Eq. (5.1) is verified, it
is assumed that the cross section remains straight under the deformation. If Eq. (5.1) is
not verified, one must resolve to the use of 3D solid elements.

In the case of the three leaf designs computed, Eq. (5.1) yields:

Integration d 1 39( 1 )2 7%107* <1 (5.2)
ntegration degree 1: — == =7 .
& s 3.7\ 1340
39 (17.3\?
Int tion d 2a: ——==] =1.7%1073 1 5.3
ntegration degree 2a 57 (1340) * < (5.3)
: 39 (11 \? .
Integration degree 2b: 37 (@) =T7%10 <1 (5.4)

The criteria is valid for all designs, therefore leafs are modeled using Mindlin shell elements

in the xy-plane.

Based on the geometries of the leaf in Fig. 4.1, Fig. 4.8 and Fig. 4.17, the curved leaf
springs are modeled in Nx. Due to the very close geometries of leaf with integration degrees
1 and 2b, only one leaf model is analysed for both cases. Additionally, an equivalent
straight beam model of the leaf is also created for future comparison. The leaf mounts
are modeled using fixed constraints for integration degree 1 and 2b and using a user
defined constraint allowing only rotation along the y-axis of the leaf. The mesh is made
of bmm elements, which allow a good convergence of the results for a relatively short

computation time. Leaf models are pictured in Fig. 5.2 and Fig. 5.3.
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(a) Straight (b) Curved

Figure 5.2: Finite element models of the straight leaf (a) and of the curved leaf (b) for
integration degrees 1 and 2b.

A

N

(a) Straight (b) Curved

Figure 5.3: Finite element models of the straight leaf (a) and of the curved leaf (b) for
integration degree 2a.

5.2 Large displacements

In the analytical methodology, the 'free’ (non-driven) large deformation of the cantilever
beam (integration degree 2b) is modeled using the empirical relations from Ji Wang et
al. [38] Eq. (3.28) and Eq. (3.29). To assess if this empirical relation is valid, the large
displacement of the curved beam is computed using finite element method. To do so,
curved leaf model in Fig. 5.2b is subjected to an imposed motion AZ = 142mm on both
ends. To further compare with straight beam theory, the straight beam model is also
subjected to an equivalent large deformation AZ = 142mm and a straight steel beam
model of the same size is also modeled using tetrahedral (3D) elements and subjected to
the same loads. The computations are performed using the NASTRAN SOL402 multi-step
non-linear kinematics solver with a non-linear statics subcase and with the assumption
of large displacements enforced. Results from the three computations are gathered and

compared with the empirical solution and rotation of an equivalent rigid arm in Fig. 5.4.
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Figure 5.4: Comparison of the lateral deflection Y of the curved leaf spring (integration
degree 2b) in large deformation (LD) versus lateral deflection of the equivalent straight
leaf spring, straight steel leaf of the same length, empirical relation from Ji Wang et al.
[38] and lateral deflection imposed by a rigid arm.

As it can be seen in Fig. 5.4, the analytical expression from Ji Wang et al. gives an
accurate estimation of the lateral deflection of the straight beam for relatively moderate
vertical displacement (<75mm). When the deformation is larger, the approximation leads
to an increasing error, up to 10mm in this case which is significant for the camber variation
for instance. Therefore, for the analytical computations of the deformation of the beam
in large deformation, another analytical expression or a combination of several analytical
expressions should be used. In fact, such expressions can be found Ji Wang et al., where
the authors combine the first approximation with a 30" order polynomial expression
when the vertical deflection becomes too big. On the other hand, large deformation of
the straight composite is similar to the one of the steel straight beam. This was expected
as the laminate is unidirectional and subjected to pure bending load. Finally, Fig. 5.4
highlights the expected difference between the initially curved beam and the straight

beam, leading to a 3mm difference for the maximum deflection.

The same analysis is performed for the ’free’ (non-driven) large deformation of the
overhanging beam (integration degree 3). In this case, however, the results are only
compared to the rotation of the equivalent rigid arm as no empirical expression was

found. Associated results are gathered in Fig. 5.5.
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Figure 5.5: Comparison of the lateral deflection Y of the curved leaf spring (integration
degree 3) in large deformation (LD) versus lateral deflection of the equivalent straight
leaf spring, straight steel leaf of the same length and lateral deflection imposed by a rigid
arm..

As it can be seen in Fig. 5.4, the large deformation of the overhanging beam is pretty
similar in all cases. It is also worth to note that the rotating rigid arm gives a really
accurate estimation of the large deformation of the curved beam. Therefore, a preliminary
design for the leaf with complete integration of the suspension members (integration
degree 3) could be computed using the kinematic model of the suspension with the lower

arm.

5.3 Modal analysis of the leaf designs

Using NASTRAN SOL103, modal analysis is performed on the curved leafs (Fig. 5.2b
and Fig. 5.3b). The first three mode shapes and associated natural frequencies are picture
in Fig. 5.6 and in Fig. 5.7.

(a) Mode 1 - 56.85Hz (b) Mode 2 - 111.86Hz (c) Mode 3 - 150.75Hz

Figure 5.6: First three vibration mode shapes for integration degrees 1 and 2b.
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(a) Mode 1 - 62.15Hz (b) Mode 2 - 72.31Hz (c) Mode 3 - 311.06Hz

Figure 5.7: First three vibration mode shapes for integration degree 2a.

In a general observation, Fig. 5.6 and Fig. 5.7 show that both curved leafs experience
two bending modes followed by a torsion mode. Compared to the analytically estimated
natural frequencies of the leaf 1 in Table 4.1, natural frequencies of the curved beam are
greater. Actually, mode shapes 2 and 3 were not predicted by the analytical relation in
Eq. (4.8), as this relation only accounts for bending modes. Nonetheless, both curved leaf
springs have natural frequencies that are greater than the estimated 12Hz produced by
the road irregularities. This means that no failure coming from vibratory response should

be expected for the leaf springs due to the road surfaces irregularities.
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Conclusion

In this thesis, a general analytical approach in the design of transverse composite leaf
springs has been established. Properties and impact of the integration of the transverse
leaf spring onto the axles have been assessed using first the analytical approach and then
correlating these results with the one obtained from the multi-body finite element analysis

of the suspension. The development of the analytical method is summarised hereafter.

In the first chapter, the independent suspension model has been chosen to be the double
wishbone suspension, as this type of suspension is the most general form of independent
suspension. After selection of the suspension type, the 2004 Audi A6 has been defined as a
case study. This car is equipped with a short long arm suspension on the rear axle, which
is a particular case of the double wishbone suspension. The multi-body finite element
model of the suspension was re-built and kinematic performance curves of the car have
been computed to serve as benchmark in the design of the leaf springs. Analysis of the
motion of the suspension highlighted the negative camber gain characteristic of short long
arms suspensions, with the suspension having an initial camber angle of —2.5°. Analysis
of the half-track variation of the suspension also brought out the fact that the suspension

was initially tilted by an angle of approximately —3.6° in the xz-plane of the car.

In the second chapter, the choice of the composite material was made. Amongst com-
mon material candidates in the manufacturing of leaf springs, E-Glass/Epoxy glass fiber
reinforced laminate has been chosen based on a compromise between affordability, in the
aim of mass produced elements, and better mechanical properties. Mechanical properties
of the material have then been defined and manufacturing processes have been discussed.
It came out that the high-pressure resin transfer molding (HP-RTM) was the most com-
monly used manufacturing method for composite leaf springs. However, short moulding
compounds could also be of interest, as it is one of the cheapest method in the manufac-

turing of composite elements.
In the third chapter, the analytical leaf design methodology has been established.

Transverse leaf spring designs are first separated according to suspension members they

functionally integrate, named integration degrees. Joining classical laminated plate the-
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ory with classical straight beam theory, leaf springs have been modeled according to
their integration degree. Leaf springs integrating the anti-roll bar are modeled as over-
hanging beams whilst other leaf springs are modeled using a cantilever beam. Deforma-
tion of curved beams has been analysed and led to the conclusion that the leaf springs
should rather be modeled using straight beams. Large deformation of the beams has
also been discussed and an empirical model of the large deformation for cantilever beams
has been defined. To assess the effects of transverse shear deformation for composite
beams, Timoshenko’s beam theory has been used to define a criterion under which shear
deformation is considered negligible. The leaf model led to the assumption that the lam-
inate had to be balanced and symmetric and that the cross section of the leaf had to be
constant and rectangular. The suspension has also been modeled. First, methodologies
for the computation of the suspension forces have been particularised to the case of the
short long arm independent suspension. Longitudinal loads are computed in the side view
plane of the wheel whilst lateral and vertical loads are studied in the front view plane
of the axle. The specific case of bump stops has also been discussed in the front view
plane. Dynamic loading cases have been defined as static load factors. Finally, a two-
dimensional kinematic model of the suspension has been created. This kinematic model is
declined into two separate cases. The first one corresponds to the suspension with a rigid
lower arm while the second corresponds to the motion of the suspension where the lower
arm is replaced by a cantilever beam in large deformation. The kinematic model of the
suspension with the lower arm replaced by the overhanging beam could not be modeled,
as there was a lack of an analytical solution for the large deformation of these types of

beams.

In the fourth chapter, preliminary designs of the transverse leaf springs have been
computed and analysed. Initial assumptions have been made that the width of the leaves
was fixed to 100mm and that the laminate was unidirectional in the direction of the
load, hence the y-axis of the car. Starting with the leaf integrating the coil springs only
(integration degree 1), its spring rate has been computed and yields K = 28.2N/mm. The
associated geometry that leads to this spring rate gives a leaf thickness of 11mm and a
total mass of 2.89kg. Preliminary modal analysis revealed that the leaf would not enter
in resonance due to the irregularities of the road surface. Kinematics of the transverse
leaf suspension revealed similar behavior with the original suspension except that the
vertical force in the contact patch exhibits a more ’linear’ behavior in jounce. For the
leaf integrating the coil springs and anti-roll bar (integration degree 2a), spring rate and
kinematic curves are the same as for the previous design. However, due to the pivot
mounts, the thickness of the leaf increases to 17.3mm, leading to a mass of 4.87kg for
the leaf. In this case, the leaf adds an equivalent roll stiffness of 936Nm/deg on the axle.

Variation of the equivalent roll stiffness of the axle as a function of the length between
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mounts has been studied and showed that increasing the distance between mounts adds
more roll stiffness to the axle. For the leaf integrating the coil springs and lower arms
(integration degree 2b), the spring rate has been computed and yields K = 26.68N/mm.
The thickness and geometry of the leaf is very close to the one of the integration degree
1, as its total mass is 3.07kg. Analysis of the kinematic curves revealed a change in
the camber gain variation along the stroke, as the transverse leaf induces more positive
camber gain in the start of the rebound phase and a more growing negative camber gain
later in the rebound phase. The vertical static load in the contact patch was however
closer to the one of the original suspension. A more thorough dynamic loading analysis
has been conducted, showing that lateral and longitudinal loads acting on the leaf could
be neglected. Finally, the leaf with complete integration of the suspension members
(integration degree 3) was assumed as having the same geometry as for the integration
degree 2a. Different leaf designs are then compared based on their kinematic curves and
mass savings. This allowed to highlight a maximum mass saving of 72% for the integration
degree while the minimum mass saving is 12% for the integration degree 2a. After that,
shape optimisation has been discussed, leaving a possible geometry where the leaf is large
and thin towards the support on the car body and thick and narrow close to its free
ends. This geometry allows a diminution of the maximum bending stress while having
a more homogeneous stress distribution along the length of the leaf. The value of the
equivalent roll stiffness was also discussed as its value was too big compared to standard
values of the roll stiffness of axles in passenger cars (» 400Nm/deg). Discussion led to the
conclusion that it would be necessary to reduce the thickness of the part of the leaf that

lies in-between the mounts.

In the last chapter, finite element models of the curved leafs and additional equivalent
straight beams have been created. These models are made of 5mm Mindlin shell elements.
Large displacements of the leafs springs are analysed thanks to the NASTRAN soL402
multi-step non-linear kinematics solver used in non-linear statics. This revealed that for
the integration degree 2b of the leaf, the analytical expression accounting for the large
deformation of the leaf was only accurate for vertical deflection under 75mm and led to an
error of 10mm for the minimum rebound position of the leaf. This led to the conclusion
that a more precise model needs to be used in this case. For the large deformation of the
leaf with integration degree 3, computation showed that the large deformation of the leaf
was actually well modeled using the rotating lower rigid arm of the original suspension.
Finally, modal analysis was performed using NASTRAN SOL103. Results highlighted the
differences between the expected natural frequencies for the straight leaf in the case the
leaf was modeled by a cantilever beam. Overall, natural frequencies of all leaves were

higher than the 12Hz induces by the road surface irregularities.
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Future perspectives

A non-exhaustive list of possible improvements and recommendations to account for

future developments in the design methods for transverse composite leaf springs:

Development of the Timoshenko beam theory to derive the analytical expression
of the lateral deflection of the beam as a function of the vertical deflection in the
case of the overhanging beam. This, to derive the design for the full integration of
the leaf (coil springs + anti-roll bar 4+ lower arms) which could not be done in this

thesis.

Integration of the transverse leaf spring into the multi-body finite element model.
This will allow to determine the stresses in the leaf due to the imposed movement

of the lower arm for integration degrees 1 and 2a.

Modeling of the mounts and joints linking the transverse leaf spring to the suspension
members and car body. These elements are key in the modeling of the transverse
suspension leaf spring and can have great impact on the behavior of the suspension
[13].

Introduction of topology optimisation in the design phase. This requires to adapt

the analytical method to variable cross sections of the leaf.

Validation of the leaf designs using a more developed multi-body model. In this
thesis, dynamic loads are computed using equivalent static loads. These loads could
however be modeled to take into account their transient nature in the multi-body
FE model.

Modeling of bump stop as a spring and integration into both multi-body FE and

analytical models.

Final validation of the designs, by the means of a prototype suspension integrated
into an existing chassis. Experiments can then be carried out to compare with

expected results obtained from the analytical method and multi-body FE model.
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