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1 Appendix 1: READ_MESH.m 
fID=fopen(mesh_file);        
A1 = textscan(fID,'%s',1); 
A1_str = A1{1,1}; 
nodes_str = '$Nodes'; 

  
while strcmp(A1_str,nodes_str)==0 % Reads until it finds the string '$Nodes' 
    if strcmp(A1_str,nodes_str)==1 
        break 
    end 
    A1 = textscan(fID,'%s',1); % $Nodes 
    A1_str = A1{1,1}; 
end 

  
A2 = textscan(fID,'%n',1);  % Number of nodes 
Nnode_tot = A2{1,1}; 

  
B  = textscan(fID,'%n%n%n%n',Nnode_tot); % Nodes number and coordinates 
nodes = [B{:,1} B{:,2} B{:,3}]; 

  
textscan(fID,'%s',2); % '$EndNodes', '$Elements' 
C1=textscan(fID,'%n',1); 
Nel=C1{1,1}; 
D = textscan(fID,'%n %n%n%n%n %n%n%n%n %n%n%n%n', Nel); 
D_nan=isfinite(D{1,9}); 
index=find(D_nan,1,'first'); 

  
%% Definition of the element type (4 node quadrangle or 8 node quadrangle) 
if D{1,2}(index,1)==3 
    Nnode=4; 
elseif D{1,2}(index,1)==16 
    Nnode=8; 
end 

  
%% Boundary conditions 
fixed_DOF=[]; 
paroi_int=[]; 
for i=1:index-1 
    if D{1,4}(i)==11 
        fixed_DOF(i,:)=[D{1,6}(i) 1 0]; 
    elseif D{1,4}(i)==12 
        fixed_DOF(i,:)=[D{1,6}(i) 0 1]; 
    elseif D{1,4}(i)==13 
        fixed_DOF(i,:)=[D{1,6}(i) 1 1]; 
    elseif D{1,4}(i)==21 
        for  k=6:7 
            if isempty(fixed_DOF) 
                fixed_DOF=[fixed_DOF;[D{1,k}(i) 1 0]]; 
            else 
                Find=find(fixed_DOF(:,1)==D{1,k}(i)); 
                if isempty(Find) 
                fixed_DOF=[fixed_DOF;[D{1,k}(i) 1 0]]; 
                end 
            end 
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        end 
    elseif D{1,4}(i)==22 
        for  k=6:7 
            if isempty(fixed_DOF) 
                fixed_DOF=[fixed_DOF;[D{1,k}(i) 0 1]]; 
            else 
                Find=find(fixed_DOF(:,1)==D{1,k}(i)); 
                if isempty(Find) 
                    fixed_DOF=[fixed_DOF;[D{1,k}(i) 0 1]]; 
                end 
            end 
        end 
    elseif D{1,4}(i)==23 
        for  k=6:7 
            if isempty(fixed_DOF) 
                fixed_DOF=[fixed_DOF;[D{1,k}(i) 1 1]]; 
            else 
                Find=find(fixed_DOF(:,1)==D{1,k}(i)); 
                if isempty(Find) 
                fixed_DOF=[fixed_DOF;[D{1,k}(i) 1 1]]; 
                end 
            end 
        end 
    elseif D{1,4}(i)==6 
        paroi_int=[paroi_int ; D{1,6}(i) D{1,7}(i)]; 
    end 
end 
%% 
elem=zeros(Nel-index,Nnode); 
for i=index:Nel 
    if Nnode==4 
        %D = textscan(fID,'%n %n%n%n%n %n%n%n%n', Nel); 
        elem(i-index+1,:)=[D{1,7}(i),D{1,6}(i),D{1,9}(i),D{1,8}(i)]; 
    elseif Nnode==8 
        %D = textscan(fID,'%n %n%n%n%n %n%n%n%n%n%n%n%n', Nel); 
        elem(i-

index+1,:)=[D{1,6}(i),D{1,10}(i),D{1,7}(i),D{1,11}(i),D{1,8}(i),D{1,12}(i),D{1

,9}(i),D{1,13}(i) ];    %Réorganisation de la numérotation 
    end 
end 
Nel=Nel-index+1; 
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2 Appendix 2: FE² stiffness matrices for the patch test 

Element 1 

88936 21369 -76414 18703 -40663 -22903 28142 -17169 

21369 73724 -1183 21612 -19765 -31230 -421 -64106 

-76414 -1183 105535 -32925 26220 -2317 -55340 36425 

18703 21612 -32925 105976 -21727 -58799 35949 -68789 

-40664 -19765 26220 -21727 72944 26521 -58500 14971 

-22903 -31230 -2317 -58799 26521 60216 -1300 29813 

28142 -421 -55341 35949 -58500 -1300 85699 -34227 

-17169 -64106 36425 -68789 14971 29813 -34227 103082 

 

Element 2 

72944 26521 -58500 14971 -40664 -19765 26220 -21727 

26521 60216 -1300 29813 -22903 -31230 -2317 -58799 

-58500 -1300 85699 -34227 28142 -421 -55341 35949 

14971 29813 -34227 103082 -17169 -64106 36425 -68789 

-40663 -22903 28142 -17169 88936 21369 -76414 18703 

-19765 -31230 -421 -64106 21369 73724 -1183 21612 

26220 -2317 -55340 36425 -76414 -1183 105535 -32925 

-21727 -58799 35949 -68789 18703 21612 -32925 105976 

 

Element 3 

105535 32925 -76414 1183 -55340 -36425 26220 2317 

32925 105976 -18703 21612 -35949 -68789 21727 -58799 

-76414 -18703 88936 -21369 28142 17169 -40663 22903 

1183 21612 -21369 73724 421 -64106 19765 -31230 

-55340 -35949 28142 421 85699 34227 -58500 1300 

-36425 -68789 17169 -64106 34227 103082 -14971 29813 

26220 21727 -40663 19765 -58500 -14971 72944 -26521 

2317 -58799 22903 -31230 1300 29813 -26521 60216 

 

Element 4 

85699 34227 -58500 1300 -55340 -35949 28142 421 

34227 103082 -14971 29813 -36425 -68789 17169 -64106 

-58500 -14971 72944 -26521 26220 21727 -40663 19765 

1300 29813 -26521 60216 2317 -58799 22903 -31230 

-55340 -36425 26220 2317 105535 32925 -76414 1183 

-35949 -68789 21727 -58799 32925 105976 -18703 21612 

28142 17169 -40663 22903 -76414 -18703 88936 -21369 

421 -64106 19765 -31230 1183 21612 -21369 73724 
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3 Appendix 3: FE² stiffness matrices of the rectangular 

elements 

3.1 Matrices for the cantilever beam with unitary tip displacement 
𝐸 = 210000 𝑀𝑃𝑎 ; 𝜈 = 0.3 

𝑁𝑒𝑙  43486 20937 -14426 13678 -14421 -20943 -14640 -13672 

562 20937 301846 -13679 159692 -20936 -161507 13678 -300031 

ℎ𝑥 -14426 -13679 43441 -20936 -14595 13683 -14421 20933 

5 13678 159692 -20936 301846 -13679 -300031 20937 -161507 

ℎ𝑦 -14421 -20936 -14595 -13679 43441 20933 -14426 13683 

1.25 -20943 -161507 13683 -300031 20933 301847 -13672 159692 

 
-14640 13678 -14421 20937 -14426 -13672 43486 -20943 

 
-13672 -300031 20933 -161507 13683 159692 -20943 301847 

 𝑁𝑒𝑙  51986 23054 -23263 11561 -22891 -23051 -5833 -11565 

585 23054 190657 -11561 97804 -23055 -102402 11561 -186060 

ℎ𝑥 -23263 -11561 51962 -23055 -5808 11575 -22891 23041 

5 11561 97804 -23055 190657 -11561 -186060 23054 -102402 

ℎ𝑦 -22891 -23055 -5809 -11561 51962 23041 -23263 11575 

2 -23051 -102402 11575 -186060 23041 190650 -11565 97811 

 
-5833 11561 -22891 23054 -23263 -11565 51986 -23051 

 
-11565 -186060 23041 -102402 11575 97811 -23051 190650 

 𝑁𝑒𝑙  57660 24330 -29582 10286 -28110 -24325 33 -10291 

575 24330 154459 -10290 76310 -24326 -83330 10286 -147439 

ℎ𝑥 -29582 -10290 57652 -24326 40 10291 -28110 24325 

5 10286 76310 -24326 154459 -10290 -147439 24330 -83330 

ℎ𝑦 -28110 -24326 40 -10290 57652 24325 -29582 10291 

2.5 -24325 -83330 10291 -147439 24325 154456 -10291 76313 

 
33 10286 -28110 24330 -29582 -10291 57660 -24325 

 
-10291 -147439 24325 -83330 10291 76313 -24325 154456 

 𝑁𝑒𝑙  119537 25973 -107979 8642 -65098 -25979 53540 -8636 

593 25973 67236 -8645 9687 -25971 -35679 8642 -41244 

ℎ𝑥 -107979 -8645 119529 -25971 53548 8646 -65098 25970 

5 8642 9687 -25971 67236 -8645 -41244 25973 -35679 

ℎ𝑦 -65098 -25971 53548 -8645 119529 25970 -107979 8646 

7.5 -25979 -35679 8646 -41244 25970 67244 -8636 9679 

 
53540 8642 -65098 25973 -107979 -8636 119537 -25979 

 
-8636 -41244 25970 -35679 8646 9679 -25979 67244 
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𝑁𝑒𝑙  154458 24326 -147438 10289 -83331 -24328 76311 -10287 

576 24326 57660 -10287 32 -24328 -28111 10289 -29582 

ℎ𝑥 -147438 -10287 154458 -24328 76311 10289 -83331 24326 

5 10289 32 -24328 57660 -10287 -29582 24326 -28111 

ℎ𝑦 -83331 -24328 76311 -10287 154458 24326 -147438 10289 

10 -24328 -28111 10289 -29582 24326 57659 -10287 33 

 
76311 10289 -83331 24326 -147438 -10287 154458 -24328 

 
-10287 -29582 24326 -28111 10289 33 -24328 57659 

 

3.2 Matrices for the cantilever beam with sinusoidal moment 

loading 
𝐸 = 10000 𝑀𝑃𝑎 ; 𝜈 = 0 

𝑁𝑒𝑙  1983 170 -625 -170 -625 -170 -733 170 

562 170 13381 169 6619 -169 -6703 -170 -13297 

ℎ𝑥 -625 169 1978 -169 -728 -169 -625 169 

5 -170 6619 -169 13381 169 -13297 170 -6703 

ℎ𝑦 -625 -169 -728 169 1978 169 -625 -169 

1.25 -170 -6703 -169 -13297 169 13382 170 6618 

 
-733 -170 -625 170 -625 170 1983 -170 

 
170 -13297 169 -6703 -169 6618 -170 13382 

 𝑁𝑒𝑙  2357 270 -1009 -270 -991 -270 -357 270 

585 270 8457 270 4043 -270 -4259 -270 -8241 

ℎ𝑥 -1009 270 2354 -270 -354 -268 -991 268 

5 -270 4043 -270 8457 270 -8241 270 -4259 

ℎ𝑦 -991 -270 -354 270 2354 268 -1009 -268 

2 -270 -4259 -268 -8241 268 8456 270 4044 

 
-357 -270 -991 270 -1009 270 2357 -270 

 
270 -8241 268 -4259 -268 4044 -270 8456 

 𝑁𝑒𝑙  2607 331 -1285 -331 -1215 -330 -107 330 

575 331 6856 331 3144 -331 -3475 -331 -6525 

ℎ𝑥 -1285 331 2607 -331 -107 -330 -1215 330 

5 -331 3144 -331 6856 331 -6525 331 -3475 

ℎ𝑦 -1215 -331 -107 331 2607 330 -1285 -330 

2.5 -330 -3475 -330 -6525 330 6856 330 3144 

 
-107 -331 -1215 331 -1285 330 2607 -330 

 
330 -6525 330 -3475 -330 3144 -330 6856 
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𝑁𝑒𝑙  3892 464 -2964 -464 -2036 -464 1108 464 

562 464 3892 464 1108 -464 -2036 -464 -2964 

ℎ𝑥 -2964 464 3891 -464 1109 -464 -2036 464 

5 -464 1108 -464 3892 464 -2964 464 -2036 

ℎ𝑦 -2036 -464 1109 464 3891 464 -2964 -464 

5 -464 -2036 -464 -2964 464 3892 464 1108 

 
1108 -464 -2036 464 -2964 464 3892 -464 

 
464 -2964 464 -2036 -464 1108 -464 3892 

 𝑁𝑒𝑙  5315 409 -4770 -409 -2730 -409 2185 409 

585 409 3025 408 309 -408 -1534 -409 -1799 

ℎ𝑥 -4770 408 5315 -408 2185 -408 -2730 408 

5 -409 309 -408 3025 408 -1799 409 -1534 

ℎ𝑦 -2730 -408 2185 408 5315 408 -4770 -408 

7.5 -409 -1534 -408 -1799 408 3025 409 309 

 
2185 -409 -2730 409 -4770 409 5315 -409 

 
409 -1799 408 -1534 -408 309 -409 3025 

 𝑁𝑒𝑙  6855 330 -6525 -330 -3475 -331 3145 331 

575 330 2606 331 -106 -331 -1215 -330 -1285 

ℎ𝑥 -6525 331 6856 -331 3144 -330 -3475 330 

5 -330 -106 -331 2606 331 -1285 330 -1215 

ℎ𝑦 -3475 -331 3144 331 6856 330 -6525 -330 

10 -331 -1215 -330 -1285 330 2607 331 -107 

 
3145 -330 -3475 330 -6525 331 6855 -331 

 
331 -1285 330 -1215 -330 -107 -331 2607 

 

 

 


